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Introduction

This Thesis is about interest rates forecasting which is introduced by an explanation

of the basics concepts on interest rates characteristics and determinants. Then, after

a review of existing tools developed so far in the literature, the CIR# [122, 123, 124,

125, 121] is introduced.

The idea to work on interest rates originates from our experience in �nance. On

the verge of the �nancial crisis and in the ensuing years, we were struck by the number

of �nancial companies that still relied on CIR model developed by Cox, Ingersoll &

Ross in far 1985 [46]. While the model (contrarily to many others developed in

literature) is parsimonious, understandable and manageable, on other hand it is

indubitably outdated and, by construction, prevents negative interest rates.

Then, the challenge for us was to deal with the additional limitations inherent

to the CIR model such as the absence of jumps, volatility dumping when interest

rates are low, linear risk premium, etc. This has to be done by preserving the market

volatility structure as well as the analytical tractability of the original CIR model.
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I Goal, original contribution and hypotheses

My original contribution to the speci�c literature is twofold: enhance the CIR model

and turn it from a short-rate model into a forecasting tool for any yield curve.

The goal is to provide a new accessible methodology to forecast future interest

rates which is quite powerful for the following reasons. First, all the improvements are

obtained within the CIR framework in order to preserve the single-factor simplicity

and the analytical tractability of the original model. This is achieved by a suitable

partition of data where we calibrate the CIR parameters by replacing the Wiener

process in the random term of the CIR model with normally distributed standardized

residuals. Those are the proceeds of an �optimal" ARIMA model suitably chosen in

our procedure aimed at ensuring that the assumptions on which the CIR model is

built are ful�lled. That allows capturing all the statistically signi�cant time changes

in the volatility of interest rates, thus giving an account of jumps and related market

dynamics.

For the reason that the illustrated methodology is not a complete departure from

the CIR model but is an enhancement, we have called it CIR#.

The scienti�c hypothesis is that the CIR# is outperforming other single factor

models and that the new approach proves particularly useful in describing the term

structure of interest rates post 2007 �nancial crisis. In fact, the model overcomes

the inability of modelling negative/near-to-zero values and the issue of the built-

in mechanism of dampening volatility when rates are low. Moreover, it provides

an alternative to Monte Carlo for deriving the expected value of interest rates as

the suggested discretization scheme returns the same results without the need of

simulating 100,000 paths.

The idea to write a Thesis come to us during the visiting period in the academic
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year 2018-2019 at the Business Department of Financial Investments and Risk Man-

agement of the Wroclaw University of Economics and Business, directed by Prof.

Krzysztof Jajuga. As the Thesis has been discussed and outlined in that period, all

material published on interest rates forecasting from that time onwards, and par-

ticularly on the CIR#, is original and is the result of the advancements performed

within the doctoral program.

II Structure of the Thesis

This Thesis is organized as follows: Chapter 1 introduces the basic concepts around

interest rates such as the yield curve, the role played by central banks and the

factors determining the �uctuation of interested rates. Chapter 2 provides the basic

mathematical concepts related to interest rates modelling starting from the de�nition

of a stochastic process to the risk neutral probability measure. The latter is of

fundamental importance in pricing because it allows prescinding from both real-

world probabilities and individual utility functions. A description of short rates and

their key role in determining the entire yield curve is followed by a review of existing

models around them. As the objective of this Thesis is to illustrate a parsimonious

model which works in the current market environment, in Chapter 3 we introduce

the Vasicek the CIR and the Hull-White models.

Having described the above mentioned (single factor) popular models, Chapter

4 provides a new methodology (which we called the CIR# model) that well �ts the

dynamic of interest rates as observed in real markets. To prove that point, we show

a test on the EUR and USD term structure.

Chapter 5 illustrates how data partitioning allows the capture of statistically

signi�cant time changes in the volatility of interest rates, thus giving an account of
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jumps in market dynamics. The performance of the new approach is carried out for

di�erent term structures and is tested for both the CIR and the Vasicek models. In

there it is shown how the proposed methodology overcomes both the usual challenges

(e.g. simulating regime switching, volatility clustering, skewed tails, etc.) as well as

the new ones added by the current market environment characterized by low to

negative interest rates.

The following Chapter 6 compares the CIR# versus real data, the EWMA and an

improved version of the traditional CIR model that we called CIRadj. The dataset is

di�erent from one used in the previous Chapter as data are monthly money market

interest rates ranging from 1 day to 12 months over EUR, USD, JPY and CHF

currencies which includes both turmoil and calm periods. Apart from that, the

novelty is that we compute the predictive power in terms of the directionality of

rates being that rather di�cult to forecast. The Chapter concludes with a section

dedicated to model validation where a purposely built dataset has been created to

show the validity of our forecasts.

Chapter 7 compares the predictive power in the forecasting of the CIR# versus

the so-called CIRadj and the single factor Hull and White model applied to a dataset

of interest rates in PLN. As shown through this Thesis, the CIR# anticipates future

rates better than its peers consistently across sampling frequencies and periods.

The last Chapter draws some concluding remarks and highlights some points such

as shortfalls of the present methodology, implications for hedging and next research.
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Chapter 1

Interest rates and the role of central

banks

In this Chapter we are illustrating the basics of interest rates starting from the yield

curve, the role played by central banks and the factors determining interested rates

while the next Chapter 2 will provide the basic mathematical concepts related to

interest rates modelling.

1.1 The yield curve

The yield curve is a curve displaying several yields to maturity or interest rates

across di�erent contract lengths for a given debt contract (see 1-1). The curve relates

interest rates with time to maturity and it is expressed as

Y (t) = P (t)−1/t − 1
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where Y (t) is the yield and P (t) denotes the present value of one unit of currency t

years in the future (i.e. the discount factor). For example, a zero-coupon bond valued

P = 0.8 and maturing in 3 years yields 7.7217%. The yield curve is obtained from

money market interest rates (short end of the curve), futures on bonds (mid part)

and interest rate swaps (long end). Usually, the yield curve is sloped upward because

of expected in�ation, counterparty risk, preference for both liquidity and current

consumption. In case of de�ation and positive unbalance between available liquidity

and investment opportunities, the yield curve could be inverted (i.e. negatively

sloped). A �at yield curve is when maturities have similar yield and a humped curve

corresponds to similar short-term and long-term yields, both below medium-term

yields. Fig. 1-1 displays several snapshots of the USA Treasury yield curves for

di�erent dates evidencing how the shape of the yield curve changed with time.

1.1.1 Par and zero-coupon yield curve

A zero-coupon bond is a type of bond that does not provide any cash �ow until

maturity (when its face value is paid). A bond with intermediate cash �ows until

maturity, when yields the same as its coupons, is said to trade at par. The related

yield curve is called the par yield curve. The zero-coupon or spot yield curve cor-

responds either to the yield to maturity of actual zero-coupon or to those of a par

bonds trading in the market.
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Figure 1-1: Snapshots of USA Treasury yield curves for di�erent dates. Yield lines
describe: red = �at and humped; orange = inverted at the short-end; blue = normal;
green = steep. Sources FRED and [158].

1.1.2 Forward yield curve

Given a time interval from t0 to t2 divided in two subintervals [t0, t1] and [t1, t2], the

following no arbitrage equality must hold

e(r2 t2) = e(r1 t1) e(r1,2 (t2−t1)) (1.1)

i.e. the proceeds of investing from [t0, t2], at the rate r2 is are the same of the

proceeds of investing from [t0, t1] at the rate r1 and then reinvesting from [t1, t2] at

the rate r1,2. Notice that r1 and r2 are spot rates while r1,2 is the forward rate (which
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generates the forward yield curve). Moreover Eq. 1.1 is equivalent to

r1,2 =
(r2 t2)− (r1 t1)

t2 − t1
. (1.2)

1.1.3 Normal yield curve

When the slope of the yield curve is positive, it means that investors' expectation

for the economy is to grow in the future. This, in turn, implies the expectation of

higher in�ation and, consequently, of tightening monetary policy by the central bank.

Another consequence of in�ation is the demand for a higher risk premium associated

with uncertainty. Moreover, when the yield curve is positive, lenders pro�t from the

so-called rolldown i.e. buying and selling because yields decrease as bonds get closer

to maturity.

1.1.4 Flat and humped yield curve

The yield curve may �atten in case of uncertainty which leads to the so-called ��ight

to safety/quality�. In fact, in case of turbulence investors sell other assets and buy

T-bills because the latter are perceived as safe a proxy for cash. As demand increases

for T-Bills, prices go up, thus driving yields down. This, when compounded with

demand for long-term securities, �attens the yield curve and leaves a hump on the

mid-term maturities.

1.1.5 Inverted yield curve

An inverted yield curve is when the yields on bonds with a shorter duration are

higher than the yields on bonds with a longer duration thus implying that investors

expect current economic growth to exceed future economic growth. That could be
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an indicator of recessions [84] as illustrated by the yield curve spreads in Fig. 1-2.

The rationale behind that is that, when interest rates go down, the demand for long

term assets increases as investors want to lock-in the higher rates for a longer period.

This drives up prices and lowers yields.

Figure 1-2: USA Treasury yield curve spreads. In blue 1 year T-bill versus 10 year T-
bond. In red 3 month T-bill versus 10 year T-bond. Gray stripes indicate recessions.
Sources [66, 64, 65].

As shown in the Fig. 1-2, the yield spread every is high (i.e. the yield curve is

inverted) before or in conjunction with recessions. However, this relationship is not

stable. For example, the lag is between 8 and 19 months and in some instances (e.g.

between 1965 and 1970) the inverted yield curve did not anticipate any recession.

Similarly, in the current situation (2020) the recession has not been accompanied nor

anticipated by any interest rate inversion.

1.1.6 Relation between the yield curve and business cycle

Table 1.1 lists recessions following yield curve inversion. Mitchell (1913) [113], and

much later Kessel (1965) [94], expressed their view on the behaviour of yields by
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Table 1.1: Recessions following yield curve inversion (all values in months unless
noted)

Recession
Inversion
start date

Recession
start date

Time between
inversion start and

beginning of recession

Duration
of inversion

Time between
start of recession and
NBER announcement

Time between
disinversion

and
end of recession

Recession
duration

Time between
end of recession

and
NBER announcement

Inversion maximum
(basis points)

1970 recession Dec-68 Jan-70 13 15 N/A 8 11 N/A −52
1974 recession Jun-73 Dec-73 6 18 N/A 3 16 N/A −159
1980 recession Nov-78 Feb-80 15 18 4 2 6 12 −328
1981�1982 recession Oct-80 Aug-81 10 12 5 13 16 8 −351
1990 recession Jun-89 Aug-90 14 7 8 14 8 21 −16
2001 recession Jul-00 Apr-01 9 7 7 9 8 20 −70
2008�2009 recession Aug-06 Jan-08 17 10 11 24 18 15 −51
Coronavirus recession May-19 Mar-20 10 5 4 TBD TBD TBD −52

Average since 1969 12 12 7 10 12 15 −147
Standard deviation since 1969 3.83 4.72 2.74 7.50 4.78 5.45 138.96

a Sources FRED and [159].

pointing out that they tend to be low at the start of recessions (i.e. the business

cycle peak) and high as expansions slow down after a cyclical trough.

Butler (1978) [32] explained the implications of declining short-term rates in terms

of economic activity. However, research on the subject developed only a decade later

with Harvey (1988) [85] who suggested a theoretical relationship between yields and

consumptions, Furlong (1989) [70] that conceded some predictive power for reces-

sions, but expressed his skepticism about the yield curve's reliability as a leading

indicator. Estrella and Hardouvelis (1991) [57] who showed that yields may be used

as a predictor of real economic activity and Laurent (1988, 1989) [100, 101] who used

the yields to predict GNP growth. Based on the aforementioned research, the FED

publishes an indicator of the probability of USA recession (Fig. 1-3).

In a comparison between a large number of alternative indicators, Estrella and

Mishkin (1998) [58] found that yields are the best in tests of statistical signi�cance.

On the other hand, Stock and Watson (2003) [147], when examined a large number

of competing indicators to forecasting the GNP, found that none of them was �t

to the task. For that reason, by quoting Anna Karenina "happy families are all

alike; every unhappy family is unhappy in its own way", they maintained that every

decline in economic activity is peculiar. This is because each indicator measures "a
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Figure 1-3: Percent (monthly average) probability of USA recession, twelve months
ahead of the term spread [63]. Sources: Board of Governors of the Federal Reserve;
National Bureau of Economic Research. The shaded areas indicate periods desig-
nated as recessions by the National Bureau of Economic Research (NBER).

di�erent feature of economic activity, which in turn can play di�erent roles in di�erent

recessions" [147]. Thus, a combination of forecasts of leading economic indicators

(but excluding the monetary aggregates) is the best option in proving some warning

of potential economic di�culties. The author of the present work agrees with that

idea and, by using recurrence quanti�cation analysis, Orlando et al. (2016, 2018)
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[127, 128] have shown that economic downturns could be anticipated by looking at

the hidden structure of the time series.
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1.1.7 Estimation of yields: The Nelson-Siegel and Svensson

models

Yield curves are not directly observable on the market: �nancial institutions and data

provider compute their own. A standard model used for this purpose is the Nelson

and Siegel model (1987) [119] which is a relatively parsimonious model because it

has only four parameters. This is particularly useful when the number of available

bond prices is limited so the model is not over-parametrized.

The Nelson-Siegel function takes the form

y (m) = β1 + β2
[1− exp (−m/λ1)]

m/λ1

+ β3

(
[1− exp (−m/λ1)]

m/λ1

− exp (−m/λ1)

)

where m is the maturity, and β1, β2, β3 and λ1, are parameters to be �tted

[19, 51].

The interpretation of the parameters is:

1. β1 is the long run levels of interest rates

2. β2 is the short-term component

3. β3 is the medium-term component

4. λ1 is the decay factor

Svensson (1994) [152] added a "second hump" term so, the resulting model, is

called Nelson�Siegel�Svensson (NSS) model. The additional term is:

β4

(
[1− exp (−m/λ2)]

m/λ2

− exp (−m/λ2)

)
,
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so that the Nelson�Siegel�Svensson (NSS) model is

y (m) = β1 + β2
[1− exp (−m/λ1)]

m/λ1

+ β3

(
[1− exp (−m/λ1)]

m/λ1

− exp (−m/λ1)

)
+ β4

(
[1− exp (−m/λ2)]

m/λ2

− exp (−m/λ2)

)
.

While the Nelson�Siegel�Svensson model is widely used for modelling the yield

curve, it has some drawbacks. For example, the optimisation problem is not convex

and there are multiple local stationary points. In addition, the model, for a certain

range of the parameters, is badly conditioned. Thus they are unstable given small

changes in the data (see Fig. 1-4).

Gilli et al. (2010) [74] have shown that non-standard optimisation heuristic such

as di�erential evolution Gilli (2009) et al. [75], Storn et al. (1997) [148] can deal

with the numerical issues while the instability of the parameters can be addressed

with constrained optimization.
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Figure 1-4: The Bundesbank's daily estimates for NSS parameters. Source Bundes-
bank and Gilli et al. (2010) [74] ).

1.2 The role of central banks

The central bank is the bank of the banks in the sense that is a special type of

bank acting as a banker to the commercial banks of a given country. The speci�c

form, mandate and activities of a central bank vary from one country to another. In
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some countries, the central bank is responsible for monetary policy, currency, fx and

supervises commercial banks; in other countries, the central bank has a limited role

and may not even be responsible for the issuance of the domestic currency. Topically

the core functions of central banks are to act as a lender of last resort and to facilitate

the operation of the country's payment system.

1.2.1 Operation of payment system

The payment is related to any form of payment used in a country; from debit cards to

checks, from wire transfer to direct debits, etc. Those transactions involve a number

of di�erent and unrelated parties so that, for the transaction to be successful and

completed, each of the parties involved needs some assurance on the ability of their

counterparts to ful�l their obligations. The central bank provides the said assurance

because it commits to step in and make good on the obligations in case one of the

intermediary banks defaults. The required funds are taken from deposits (called re-

serve requirements) that commercial banks have to maintain with the central bank.

As this amount may vary with time depending on a number of factors such as de-

posits, volume of transactions, relevance of the commercial bank in the payment

system, etc., the actual amount of money that a bank has deposited at the central

bank is greater than the minimum requirement and is called reserve.

The centralization of the reserve at the central bank provides assurance on the

ful�lment of the obligations and it is an e�cient way of moving money from one bank

to another. This is because spares each bank from having to maintain an account

with every other bank they deal with.
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1.2.2 Lender of last resort

As lender of last resort, the central bank ensures the customers that, in the unlikely

case they all want to withdraw, at the same time, the money they have on deposit, the

central bank would step in by lending the bank whatever it needs to meet customer

withdrawal requests and using the loans on the bank's balance sheet as collateral.

Therefore, while a commercial bank could turn down the lending request of one of

its peers, the central bank is always willing and able to perform this function. When

the central bank is responsible for minting, it can issue whatever amount of cash is

needed to support commercial banks as lender of last resort.

1.2.3 The USA Federal Reserve System (FRS)

Here we illustrate the USA Federal Reserve system as is a general benchmark for

advanced economies and it is the most important central bank system in the world.

The USA central bank consists of a Board of Governors, 12 regional reserve banks

(for this reason is a system of banks denoted as Federal Reserve System), the so-

called Federal Open Market Committee (FOMC) responsible to take decisions on

the central bank's capital market activities such as sale or purchase of bonds issued

by the USA Treasury. Moreover, the FOMC decides on the federal funds rate i.e.

the interest rate at which banks with excess reserve funds at their District's Federal

Reserve Bank can lend to other banks.

Additional responsibilities of the FED are the supervision of member banks and

the issuance of the USA dollar.
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1.2.4 The European Central Bank (ECB)

The European Central Bank (ECB) is the central bank of the Eurozone, which is

a monetary union of 19 EU member states having the Euro as a common currency.

Established by the Treaty of Amsterdam in 1997, the ECB is one the second most im-

portant central banks in the world after the FRS. The primary objective of the ECB,

as stated in the second article of its Statute, is to maintain price stability within the

Eurozone. Other responsibilities involve foreign exchange operations, control foreign

reserves of the European System of Central Banks, manage the TARGET2 settle-

ment system, issue of Euro banknotes, supervise directly the capital of "signi�cant

banks", etc.

While the Federal Reserve Act created a central bank for the United States con-

sisting of 12 regional Federal Reserve Banks and a Board of Governors of the Federal

Reserve System, the European System of Central Banks consists of 15 national cen-

tral banks and a six member Executive Board.

1.2.5 The Bank of Japan (BOJ)

The Bank of Japan (BOJ) was established in 1882 and underwent two major changes,

the �rst in 1949, after the defeat in World War II, and the second in 1998 because

of the liberalization started in the USA by president Ronald Reagan (see Fig. 1-5).

In 1949, the new act introduced a policy board modelled after the Federal Reserve

System with the authority to decide on the discount and lending rate. However,

the �nance minister retained the authority to supervise the BOJ thus limiting its

independence so that the central bank had to negotiate any adjustment to the o�cial

discount rate (see Shizume (2018) [145]). The BOJ act of 1998, fully reviewed the

role of the BOJ by rede�ning it in terms of independence and transparency. Article
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1, states that �the purposes of the BOJ are to issue banknotes, carry out currency

and monetary control, and ensure smooth settlement of funds among banks and

other institutions, thereby contributing to the stability of the �nancial system� [145],

without any interference of the government. Moreover, article 2 stipulates that �the

currency and monetary control of the BOJ shall aim to the achieve price stability,

and thereby contribute to the sound development of the national economy" [145].

Figure 1-5: Timeline of The Bank of Japan (BOJ). Source Shizume (2018) [145]).

1.2.6 The Schweizerische Nationalbank (SNB)

The Schweizerische Nationalbank (SNB), as stipulated in the National Bank Act

(NBA) entered in force in May 2004, is responsible for the country's monetary pol-
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icy and its primary goal is to ensure price stability while taking due account of

economic developments. This, with the ultimate objective to create an appropriate

environment for economic growth [153]. The in�ation target is less than 2% per an-

num, achieved by setting the SNB policy rate and related open market interventions.

Other tasks of the SNB are note-issuing, oversight of the Swiss Interbank Clearing

(SIC) payment system, managing the currency reserves, analysing sources of risk to

the �nancial system, acting as banker to the Confederation, and compiling data and

analysis on banks and �nancial markets [153].

1.2.7 Monetary policy

The primary goal of the Eurosystem is to �maintain price stability� and to �support

the general economic policies�. Quantitatively, price stability is "a year-on-year in-

crease in consumer prices of below 2%. By contrast, the Federal Reserve System has

three policy goals: �maximum employment, stable prices and moderate long-term

interest rates�. To achieve those objectives the two central banks dispose of a set of

tools listed in Table 1.2.

Table 1.2: Tools of Monetary Policy

Federal Reserve ECB

Open market operations Open market operations
Discount window Standing facilities
Reserve requirements Reserve requirements

Open market operations

The Federal funds rate is the interest rate that banks charge each other to borrow

reserves overnight. The Federal Reserve exercises control over it through open market
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operations that directly a�ect bank reserves. Similarly, the ECB controls the EMMI

Euro Overnight Index Average (EONIA) that, from October 2019, has been replaced

by the Euro short-term rate (eSTR) [59].

The main di�erences between FED and ECB open market operations is they the

�rst conducts them on daily basis by dealing exclusively in U.S. government securi-

ties, while the ECB mandates each central bank to conduct decentralized re�nancing

operations once a week. Moreover, the ECB accepts securities beyond those issued

by member country governments.

Overnight loans

Overnight loans made to �nancial institutions are referred to as discount window

loans by the Federal Reserve and marginal lending facilities by the ECB.

In the USA the discount rate is set below the federal funds rate target because

the Federal Reserve discourages borrowing at the discount window. In the Euro area,

the ECB provides overnight loans to �nancial institutions at a rate above the main

re�nancing rate. "In contrast to the constraints of the discount window, banks are

allowed to freely borrow from this facility" Pollard (2003) [131]. In addition, both

the FED and the ECB provide a deposit facility that allows banks to deposit funds

overnight at their national central banks.

Reserve requirements

While reserve requirements are a standard monetary policy tool in central banking,

some central banks do not have them at all (e.g. Australia, Canada and Sweden)

[55]. Euro area and USA banks are required to hold a certain amount of funds as

reserves in their current accounts at their national central bank. The ECB states the
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bank's minimum reserve requirement is set over a maintenance period of six weeks.

In order to provide some �exibility and to stabilise the interest rate banks charge each

other for short-term funds, banks have to meet the minimum reserve requirement on

average over the maintenance period.

Concluding remarks on the monetary policy

Monetary policy is believed to be mostly ine�ective in the long run. In fact, while

for large countries central bank manipulation of interest rates might be temporarily

e�ective, for smaller open economies real interest rates are determined by world

market conditions. Anyway, in both cases, in the long run, real interest rates will be

determined by the perceived risk/reward of holding domestic assets. For example,

coeteris paribus, a better risk/reward pro�le will cause an increase of domestic assets'

values and a decrease in the domestic real interest rate.

Central banks, when trying to reduce (resp. increase) domestic interest rates,

may cause capital out�ows (resp. in�ows). This will cause a de�cit in the domestic

balance of payments and, therefore, may force a reduction of imports. On the other

hand, portfolio assets' reallocation due to interest rate di�erentials, involves the bid

of foreign versus the sales of domestic assets. Unless countries apply tight control

on capital �ows, the result of portfolio rebalances is that domestic interest rates will

rise again until when the equilibrium is reached again. Therefore, one may argue

the monetary policy, in the long run, cannot change real interest rates as they are

determined by real factors such as risk/reward pro�le and assets.

Similarly, when exchange rates are �exible, monetary shocks cannot a�ect the

long-run output and employment. This is because an increase of, let say, money

supply will cause both a rise in domestic prices and an imbalance in the portfolio's
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assets. Domestic assets are sold and foreign are bought. This leads to an increase in

nominal interest rates and a decrease in real rates. The equilibrium is reached when

both domestic real interest rates and foreign exchanges will be back to their initial

level.

Contrarily, when the money supply is increased su�ciently to keep up with growth

in output, monetary policy is not neutral/ine�ective.

1.2.8 Unconventional monetary policy

Because of the global �nancial crisis of 2008, central banks introduced new policy

instruments such as negative interest rate policies (NIRP), new central bank lending

operations (LO), asset purchase programs (APP), and forward guidance (FG) (for a

review see Potter et al. (2019) [132]).

Negative interest rate policies

Negative interest rate policies were introduced by central banks to avert de�ation

and to provide some expansionary stimulus. The negative e�ect on the banking

systems related to the compression of interest margins was o�set from other sources

of income "and the eventual recovery of bank portfolio values, including the declines

in non-performing loans" [132].

Lending operations

As soon as it became evident that the interbank and money markets were impaired,

central banks expanded their liquidity facilities. Among them the interventions were

aimed at "extending the maturity of the typical lending operations, expanding the

set of eligible collateral and the set of counterparties, changing the lending terms
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(eg �xed rate full allotment) and imposing explicit conditions on loans to ensure

the desired ultimate outcome (eg bank lending to non-�nancial private �rms)" [132].

While lending operations proved helpful by providing credit to the private sector and

stabilising interest rates, had the side e�ect of some ine�cient allocation of credit

and encouraging leverage.

Asset purchase programmes

Asset purchase programmes were aimed at lowering long-term yields and they have

been responsible for a substantial expansion in central banks' balance sheets. While

the objective has been largely achieved, some concerns were raised on "the risk of

weakening the quality of central bank balance sheets, excessive suppression of premia

in asset valuations, temporary scarcity e�ects in repo markets, spillovers in the form

of boosting commodity prices and private sector leverage" [132].

In the USA, the Congress authorized $475 billion for the so-called Troubled As-

sets Relief Program (TARP) by the Dodd-Frank Wall Street Reform and Consumer

Protection Act (Dodd-Frank Act). The areas involved were: banking institutions

($250 billion), credit markets ($27 billion), automotive ($82 billion), American In-

ternational Group (AIG) ($70 billion), foreclosure avoidance of struggling families

($46 billion) [154].

Forward guidance

As unconventional monetary policy involved unprecedented operations, forward guid-

ance has been instrumental to clarify central banks' strategic intentions. The chal-

lenge had been "balancing the trade-o�s between clarity of message, the credibility of

follow-up action and �exibility of future policy response to changing circumstances"
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[132].

1.2.9 Importance of interest rates models for central banks

As central banks need to control interest rates for the e�ectiveness of in�ation tar-

geting, the ability to correctly model and predict them is essential. Basically, the

models are used for economic projections and analysis with regard to changes in

exogenous variables and/or assumptions. Then, models are used for evaluating the

impact of a change in monetary or �scal policy, in the labour market, social security,

etc. Last but not least, models may be used for "counterfactual analysis where actual

developments and government policies are compared with the outcome of alternative

courses of action that could have been taken" Fagan et al. (2006) [61]. Fig. 1-6 lists

the models adopted by European central banks in terms of number or equations and

geographical coverage (single country or multi-country).
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Figure 1-6: Models adopted by European central banks. Source [61].

1.2.10 Supervision and regulation

Central banks have the role to ensure the stability of the �nancial system so it can

withstand shocks without major disruption.

To achieve that objective macroprudential policies can be put in place such as

set aside extra capital or place restrictions on �nancial institutions' e.g. on mortgage

lending conditions.

This might especially be the case for institutions that are deemed systemically

important, i.e. those which the failure would cause a signi�cant ripple e�ect across

the �nancial system.

Alternatively, macroprudential policies may place restrictions on �nancial insti-

tutions' activities by, for example, setting stricter mortgage lending conditions. This

to face building-up of asset price bubbles, excessive risk-taking by banks, dispropor-
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tionate corporate or household debt.

Since 2014 the ECB has been tasked to directly supervise the biggest banks in

the Euro area and to set guidelines for the European banking sector. The focus is

on capital adequacy (capital ratios), asset quality and liquidity.

Similarly, the Federal Reserve plays a role in supervising and regulating banks in

the USA by sharing the tasks with three federal agencies and with state agencies.

"As a complement to this regulation, the Federal Reserve implements consumer

protection laws in the area of credit and �nancial transactions" Pollard (2003) [131].
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1.3 Factors determining real interest rates

In the last decade, advanced economies have experienced a falling trend in yields.

For example, in the USA 10-year yields were around 6.7% percent in the 1990s and

4.5 % in the �rst decade of the 2000s which corresponds to a decline of the natural

rate i.e. the level of the real short-term interest rate that de�nes a neutral monetary

policy stance. Thus, the natural rate of interest r∗t corresponds to a situation in

which the economy is operating at potential and in�ation is at its target value, so

that there is no reason for the central bank to either inject or withdraw stimulus

Lane (2019) [98]. Hence, the natural rate of interest "summarizes the real forces

driving the movements in interest rates, abstracting from the in�uence of monetary

policy decisions" Del Negro et al. (2017) [48].

The causes and the implications of this secular decline recall the Malthusian and

Marxist view of diminishing returns the related chronic economic malaise character-

ized by low growth and low rates of return has been mentioned by Hansen (1939)

[83] and, more recently, by Summers (2014) [149].

The main economic drivers of r∗t are the potential growth rates, demographics

and diverging developments in the returns on risky and safe �nancial assets [31].

Moreover, among the �nancial driver, we can mention the so-called "saving glut"

made popular by Ben Bernanke (2011) [12, 13].

1.3.1 Natural and potential growth rates

The natural rate of interest r∗t is closely connected to the potential growth rate of

the economy: when the economy is booming, it needs a high volume of savings to

sustain the required high investments. In turn, that requires a high level of interest

to motivate people to save instead of consuming. According to Andersson (2018) [4]
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r∗t is estimated to be less than half of what it was 50 years ago (see Fig. 1-7).

Figure 1-7: Potential output growth and long-term growth expectations. Sources:
Bureau of Economic Analysis, European Commission and Consensus Economics [98].

This decline can be attributed to both a decline in total factor productivity

growth and structural technological factors EIB (2019) [56]. In fact, especially in the

services sector, there is an increasing gap between the labour productivity growth

of �rms operating at the technology frontier and other �rms Camba-Mendez et al

(2018) [33]. On the question of why technological di�usion has slowed down, there

are several reasons. One explanation is "the fall in business dynamism as measured

by business churn: the rate at which �rms exiting the market are replaced by new

ones has declined measurably over the last decade" Lane (2019) [98]. Another reason

is a shift in economic activity from manufacturing to services that are more protected

from the competition and, then, are less productive (see Fig. 1-8).
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Figure 1-8: Euro area labour productivity by sector: real gross value added per
person employed. Sources: European Commission AMECO database and ECB sta�
calculations [98].

1.3.2 Demographic factors

Demography is another important driving force for the real interest rate. Because of

low fertility rates and rising life expectancy in advanced economies, the ratio of the

elderly (aged 65 and over) to the working-age population (aged 15-64) is expected

to rise from 20 percent to over 50 percent by 2050 (see Fig.1-9).

The ageing of the population reduces growth because the ratio of installed capital

relative to the size of the workforce increases with the age. This lowers productivity

growth and diminishes investment opportunities. Moreover, rising life expectancy

implies a lower level of investment and a higher level of saving, thus a�ecting the

level of real interest rates Lisack et al. (2017) [105].

Recent research [17, 129, 37, 71, 133] estimates that slowing population growth

and rising life expectancy have an impact between 1% and 2% in the USA and the

EURO area.
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Figure 1-9: Old-age dependency ratios: historical data (solid line) and projections
(dashed line). Sources: World Bank, Eurostat, OECD and ECB sta� calculations
[98].

Apart from ageing, inequality is a contributing factor in downward pressure on r∗t

Rannenberg (2019) [134]. Fig. 1-10 shows how inequality has increased considerably

in developed countries since the 1980s. Rachel et al. (2015) [133] estimate that

inequality contributes to a decline in equilibrium yields of about half a percentage

point.
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Figure 1-10: Share of national income earned by households in the top 1 percent
income bracket. Sources: World Inequality Database [98].

1.3.3 Saving glut

The global saving glut (GSG) is also known as cash or liquidity hoarding [14, 143],

a glut of excess intended saving [80], or shortfall of investment intentions [80], is

when desired saving exceeds desired investment hypothesized by Ben Bernanke. In

his view, "increased capital in�ows to the United States from countries in which de-

sired saving greatly exceeded desired investment�including Asian emerging markets

and commodity exporters�were an important reason that U.S. longer-term interest

rates" from 2003 to 2007 were lower than expected Bernanke (2012) [13].

Notably, in 1938 Alvin Hansen held a talk called �Economic Progress and De-

clining Population Growth�, after an era of unprecedented expansion of the USA

economy and the experience of the Great Depression, that induced Hansen to pub-

licly question whether in future there would be su�cient demand of investment to

sustain economic growth. The decline in interest rates poses important challenges
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for both �scal and monetary policy and it has become a matter of concern for many

Baldwin et al. (2014) [8].

A de�nition of secular stagnation is that, in order to equate saving and investment

with full employment, negative real interest rates are needed. In terms of monetary

policy, this implies that is much harder to achieve full employment with low in�ation

and a zero lower bound (ZLB) on policy interest rates.

In fact, secular stagnation "undermines the most powerful and �exible tool we

have for keeping growth near its potential rate � standard monetary policy. A work-

able de�nition for secular stagnation is that negative real interest rates are needed

to equate saving and investment with full employment. As such, secular stagnation

raises the likelihood that full employment cannot be achieved because low in�ation

and the ZLB on nominal interest rates keep real rates �rmly positive" Baldwin et al.

(2014) [8].

Berrospide (2012) [14] has found "supporting evidence for the precautionary mo-

tive hypothesis of liquidity hoarding in banks". Sanchez et al. (2013) [143] hold that

"the rise in cash holdings of U.S. corporations to the increasing predominance of

research and development (R&D). Since R&D is an activity intrinsically connected

with uncertainty, the association of R&D and cash holdings is a natural one. The

rising importance of R&D in the overall economy is a long-term phenomenon that is

due to the rapid growth of information technology �rms".

According to Summers (2014) [149] a decline in the full employment real interest

rate (FERIR), coupled with low in�ation, could inde�nitely prevent the attainment

of full employment thus arguing that "even if it were possible for the FERIR to be

attained, this might involve substantial �nancial instability� [149].
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1.3.4 Diverging trends of returns on risky and risk-free assets

In the last few years, the following phenomena on returns have been observed. The

�rst is the decline in yields of safe assets and an increase in equity returns and returns

on higher-risk debt instruments [78, 140, 41].

Notably, Del Negro et al. (2017-9) [48, 49] argue that the secular decline in the

natural rate of interest in the USA is primarily due to the strong demand for safe and

liquid assets. This holds for USA Treasuries and it is linked to �nancial crisis over

the past 20 years. For that reason Treasuries are valued more for their safety and

liquidity than for their �nancial returns. This lead to a steady decline in Treasury

rates since the late 1990s and to an increase in the premium that investors are willing

to pay for those characteristics.

By contrast, the returns on high quality corporate bonds, which are perceived

as less liquid and less safe by the market, have declined much less. Their �nding

matches the saving glut hypothesis as a possible source of secular stagnation.

The premium on safe assets due to safety is coupled with ageing (as older savers

seek safer portfolio allocations) and the lingering e�ects of the global �nancial crisis

of 2007 and the ensuing Euro sovereign debt crisis (see Fig. 1-11). Those experiences,

by revealing the cost of the crisis, have shifted asset allocation toward assets that

preserve their value during bear times. Similarly, regulators acknowledged that the

deregulation started in the USA left the �nancial system without su�cient capital

and liquidity. This was coupled with the arbitrariness of business practices: from

aggressive deals to purely formal risk and audit functions, from con�ict of interest

between rating agencies and issuers to investment banks that take market positions

against their clients, and so on. New regulation had the e�ect to fuel demand for

safe assets, and then, nowadays �nancial institutions have a reduced risk appetite
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and are required to hold more liquid assets.

The side e�ect is that "banks subject to the Liquidity Coverage Ratio (LCR

banks) create less liquidity per dollar of assets in the post-LCR period than non-

LCR banks by, in part, lending less". On the other hand "LCR banks are more

resilient as they contribute less to �re-sale risk, relative to non-LCR banks" Roberts

et al. (2019) [138]. This poses a question on the trade-o� between more liquidity

available to the economy through banks and having a more resilient banking sector.

According to Neri et al. (2019) [120] risk premium shocks are, simply put, changes

in agents' preference for safe assets. Those changes have been the main driver of

interest rates dynamics in the Euro area. In the USA, shocks were more pertaining

to the e�ciency of investment.

Figure 1-11: Ten-year Euro area sovereign bond yield to OIS spread. Sources:
Bloomberg and ECB sta� calculations [98].

From the demand-side there has been an increasing request for safe assets to the

point that markets value considerably assets that o�er protection against downside

risks [120], on the supply side in the Eurozone availability has shrunk. This was
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due to the interconnectedness between countries and banks that had a large part of

their balance sheet invested in government bonds. The surge in public debt in the

wake of the crisis ignited a doom loop e�ect between the risk pro�les of banking

systems and sovereigns. Government bonds in the Euro area with AAA-rating have

collapsed since by two third. Moreover, in the Euro area the ratio of highly-rated

short-term assets relative to GDP is very low compared to the USA (see Fig. 1-12).

This is a problem as the scarcity of safe asset impair the possibility for European

�nancial institutions to hedge against liquidity, interest rate, or default risk Brand

et al. (2019) [21].

Figure 1-12: Share of short-term government debt with AAA rating relative to GDP.
Source: ECB [98].

1.3.5 Implications of low rates and monetary policy issues

While the determinants of real rates are sometimes non-monetary in nature, central

banks when the in�ation rate falls short of the in�ation target and the equilibrium
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real rate is low (or negative) have to implement negative policy rate to increase

in�ation and to stabilise it to its medium-term target.

The problem is that when the policy rate is already close to the e�ective lower

bound, alternative methods of providing monetary stimulus may be required to sub-

stitute for deeper rate cuts. Other available options to ease monetary policy include

forward guidance about future policy rates; asset purchase programmes and targeted

lending operations. The FED in 2008 and the ECB have been active in employing

all of those instruments that have been proven highly e�ective in easing monetary

and �nancial conditions Coenen et al. (2020) [42].

Quantitative easing and consequently raising central bank assets by several trillion

is not something economists have been used to see as a healthy modus operandi of

central banks. On the other hand, governments may have to provide a stimulus

for years to o�set the drag of prolonged private-sector balance-sheet repair because

"any premature withdrawal of �scal stimulus would unleash the de�ationary forces

as unborrowed savings are allowed to become a leakage in the economy's income

stream. Indeed, in the US in 1937, Japan in 1997 and the UK and Eurozone in 2010

all experienced serious double-dip recessions when their governments pursued �scal

consolidation while their private sectors were still in the process of repairing balance

sheets" Koo (2014) [96].

In order to leave room for central banks and to avoid them recurring too often to

unconventional measures, it is necessary to have the in�ation rate oscillating around

its targeted medium level. This should be achieved by other policy dimensions that

should enhance growth by implementing structural reforms and public investments.

Furthermore, in case of negative shocks in the economy, �scal policies should accom-

pany monetary actions to achieve macroeconomic stabilisation.

To mitigate risk from extreme events, some measures have been taken to reinforce
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risk management and capital adequacy in relation to the �nancial system. In the

Eurozone the Single Supervisory Mechanism, the macroprudential policy framework

and the European Stability Mechanism have become a source of stability in the

sovereign debt market.

However, because of revolving doors between regulators and regulated �rms [47],

[23], dangerous mixing of commercial banking business with the investment banking

business, relaxation of antitrust measures that have allowed the surge of the so-

called too big to fail institutions and unresolved con�ict of interests of any kind, the

systemic risk is still untapped.

On the supply side, �scal policy should be eased because "achievement of levels

of de�cits and government debt generally considered desirable especially if comple-

mented by reductions in social insurance � would likely mean negative neutral real

rates in the industrial world. Policymakers going forward will need to engage in some

combination of greater tolerance of budget de�cits, unconventional monetary policies

and structural measures to promote private investment and absorb private saving if

full employment is to be maintained and in�ation targets are to be hit" Rachel et al.

(2019) [133].

In the Euro area, it could be desirable a signi�cant deepening of �scal union to

supply a common safe asset and to avoid kind of tax havens and �scal dumping.

This is particularly needed as the availability of high quality assets is particularly

scarce compared to the USA.

As an intermediate solution, the supply of safe assets could be boosted through

a range of innovations Leandro et al. (2018) [104]. In fact, as central banks target

returns on short-term safe and liquid assets there is a need to link r∗t with liquid and

safe assets Del Negro et al. (2017) [48].
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Chapter 2

Stochastic processes and short rate

models

This Chapter provides the basic mathematical concepts related to interest rates

modelling starting from the de�nition of a Wiener process. Then, we introduce the

risk neutral probability measure which is a key concept in pricing because it allows

ignoring both real-world probabilities and individual utility functions. The basic

concepts aforementioned pave the way to the main subject of this Chapter i.e. short

rates. As explained in the related Section 2.2 they are nonobservable instantaneous

spot rates that, subject to some conditions, determine the entire yield curve. Being

short rates so important, they have attracted much attention. The last Section 2.3

gives an inventory of the existing models. Then, after having walked through the

reader on the basic mathematical concepts about interest rates modelling, in next

Chapter 3 we will be in a position to illustrate the CIR, Vasicek and Hull and White

models.

De�nition 2.1 (Wiener process). Let us consider a probability space (Ω,F ,P) and
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the R-valued stochastic process {Wt : t ≥ 0}. We denote W as a Wiener process if:

� W0 = 0 almost surely

� Let n ≥ 1 and 0 = t0 < t1 < · · · < tn. The increments δWt0t1 , δWt1t2 , · · · , δWtn−1tn

are independent

� For 0 ≤ s < t we have δWst ∼ N(0, t− s)

� W has continuous paths almost surely

Remark 2.1. From now onwards Wt, denotes a standard Brownian motion under a

risk-neutral probability measure and dWt, its di�erential.

De�nition 2.2 (Existence of a Wiener process). There exists a probability space

(Ω,F ,P) on which one can construct a Wiener process.

De�nition 2.3 (Gaussian process). Let us consider a probability space (Ω,F ,P)

and the R-valued stochastic process {xt : t ≥ 0}. We denoteW as a Gaussian process

if for all 0 ≤ t1 < · · · < tn, the vector (xt1 , · · · , xtn) is Gaussian.

Remark 2.2. Considered the Gaussian process x, the law of x is characterized by

µt = E(xt), and ρs,t = Cov(xs, xt).

De�nition 2.4 (Brownian motion). The R-valued Gaussian process W is called

Brownian motion if the following properties hold

µt = 0, and ρs,t = s ∧ t.

De�nition 2.5 (Martingale). Let us consider a probability space (Ω,F ,P) and the

Rn-valued stochastic process {xt : t ≥ 0}. We say that x is a Ft-martingale if
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� xt ∈ L1(Ω) for all t ≥ 0

� x is Ft-adapted

� E(δxst|Fs) = 0 for all 0 ≤ s < t.

Remark 2.3. If W is a Ft-Brownian motion then W is a Ft-martingale.

De�nition 2.6 (Ornstein�Uhlenbeck process). The Ornstein�Uhlenbeck process is

the stochastic di�erential equation

dxt = −θ xt dt+ σ dWt (2.1)

where θ > 0 and σ > 0 are the parameters and Wt is a Wiener process.

De�nition 2.7 (Geometric Brownian motion (GBM)). The geometric Brownian

motion (GBM) is the stochastic di�erential equation

dxt = µxt dt+ σ xt dWt (2.2)

where µ and σ are the parameters and Wt is a Wiener process.

2.1 No arbitrage and risk-neutral probability mea-

sure

Let assume that the current stock price is S0 and that in next period from now the

stock price can be either S0u = Su if the price goes up by a factor u or S0d = Sd if

the price goes down by a factor d. Then the discrete single-period price dynamics is
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S0 =
S0(u− d)

(u− d)
=

=
1

er
S0(u− d)er

(u− d)
=

=
1

er
S0(u− d)er + (S0ud− S0ud)

(u− d)
=

=
1

er

(
S0ue

r − S0ud

(u− d)
+

−S0de
r + S0ud

(u− d)

)
=

=
1

er

(
S0u

(
er − d

u− d

)
+ S0d

(
u− er

u− d

))
.

No arbitrage condition requires that u ≤ et ≤ d. In fact, it is immediate to see

that, when for example er > u, one can short the stock S and invest in the risk-free

asset. That means that in both future states one can buy back the stock for less

than the proceeds from the risk free. Therefore no arbitrage condition results in the

following bounds

0 ≥ er − d

u− d
≥ 1

0 ≥ u− er

u− d
≥ 1

and
er − d

u− d
+

u− er

u− d
= 1.

If we denote

pd :=
er − d

u− d
and pu :=

u− er

u− d

it can be observed that they qualify as probabilities as they represent mutually

exclusive states of the world (the stock moves either up or down), their sum is 1 and
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they are in [0, 1] range.

Therefore the current price of the stock can be written in terms of probabilities

as

S0 =
Supu + Sdpd

er
=

1

er
EQ(S1).

which means that the market intended as the composition of all participants dis-

counts, under the measure Q, at the same rate the probabilities of the stock going

up or down as a consequence of no arbitrage condition.

Remark 2.4. Let us consider the Euler equation

S0 = E0(M1S1)

where M is the stochastic discount factor that holds under the law of one price. By

changing the probabilities associated with the expected value one can write

S0 =
1

er
1

er
EQ

0 (S1)

which implies to price of the stock by discounting at the known risk free expectation

with respect to the Q measure (to be determined). That allows pricing without

having to take into consideration real-world probabilities nor the utility function. In

this sense, the measure Q is said risk-neutral probability measure.

Remark 2.5. Arbitrage free models such as the Hull and White model are particularly

straightforward to translate onto a tree or lattice, therefore, are used for pricing

derivatives such as Bermudan swaptions.
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2.2 Short rates process

Let us consider the stochastic state variable represented by the instantaneous spot

rate rt. In presence of a no-arbitrage condition and under risk-neutral measure Q

the speci�cation of the current short rate implies the speci�cation of the entire yield

curve. In fact, the price at time t of a zero-coupon bond maturing at time T with a

terminal payo� of 1 is

P (t, T ) = EQ

[
exp

(
−
∫ T

t

rs ds

)∣∣∣∣Ft

]
,

where F is the natural �ltration for the process. The interest rates implied by the

zero coupon bonds form the so-called zero curve (commonly known as yield curve).

Thus, specifying a model for the short rate speci�es future bond prices through the

formula

f(t, T ) = − ∂

∂T
ln(P (t, T )).

When the stochastic state variable is the instantaneous forward rate we deal with

short rates models i.e. model for which the stochastic di�erential equation describing

the dynamics of rt takes the form

rt = A(t; rt)dt+B(t; rt)dWt (2.3)

Wt denotes a standard Brownian motion under a risk-neutral probability measure,

A and B are, respectively, the drift and the di�usion term. Those models are also

called one-factor models as there is only one stochastic driver.

Usually, the dynamics of interest rates is described by a stochastic di�erential
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equation (SDE) in Eq. 2.3 as speci�ed below

drt = µ(t, rt)dt+ σ(t, rt)dWt, r(0) = r0, (2.4)

with drift µ(·, ·), di�usion term σ(·, ·) and (Wt)t≥0 a standard Brownian motion. The

unique solution to (2.4), say r = (rt)t≥0, in case it exists, is a di�usion process, i.e.

a continuous Markov process de�ned on a given probability space (Ω,F ,P).

Remark 2.6. Eq. 2.4 basically assumes that drt/rt is normally distributed with mean

µ(t, rt)∆t, standard deviation σ(t, rt)∆t and that is independent over time (thus

implying informational e�ciency of markets). Therefore, Eq. 2.4 models interest

rates drt/rt as the sum of a deterministic component and of a random component

(where the latter generates i.i.d. random increases/decreases) [76].

2.3 Term structure of interest rates models

2.3.1 Single factor interest rates models

As mentioned short rates models can describe the full default-free term structure.

In his paper about a stochastic growth model, Merton (1973) [110] shows that the

instantaneous risk-free interest rate can be modelled through a nonlinear di�usion

process that is the basis for equilibrium term structure models. However, in that

paper, Merton did not study the implications concerning the term structure. That,

instead, was pursued years later by Sundaresan (1984) [150] who generalized the

study and illustrated its consequences for the term structure. Among the most

noticeable early contributions to the arbitrage-free models of term structure include

Vasicek (1977) [155] and Brennan and Schwartz (1979) [22]. However, as pointed out
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by Back (1997) [6], there is a di�erence between �traditional arbitrage-free approach�

to term structure and the absence of arbitrage opportunities. In fact, just the latter

implies the existence of a risk-neutral measure. Thus, only equilibrium models of

term structure such as the later contribution by Cox, Ingersoll and Ross (1985) [46]

are equivalent to risk-neutral pricing.

Unfortunately, while single-factor models are tractable from an analytical point

of view and handy to implement, often they fail to model the default-free yield curve

over time and across maturities [151]. Therefore, in several studies [30, 38, 73, 29], it

has been shown they do not perform well in empirical tests. Notwithstanding, more

recently Orlando et al. [122, 123, 124, 125, 121] turned out the CIR (1985) model

into a forecasting tool (i.e. the CIR # model) and brought evidence on how to make

work a single factor model. Table 2.1 lists a number of single factor models which

di�er because of alternative speci�cations of the parameters characterizing the spot

interest rate process.

2.3.2 Multi factor interest rates models

Single-factor models do not perform well in empirical tests. For example, Brown

and Dybvig (1986) [30] used USA Treasuries across di�erent maturities and found

that the term structure in the CIR model embodied the information available to the

market about the future course of events. However, their paper does not address

the linkage between the yield curve and the expectations [68]. This because does

not allow a separate identi�cation of term premiums i.e. of the di�erence between

forward rates and expected value future spot rates. Along the same line, Gibbons

and Ramaswamy (1993) tested the CIR model by using Hansen's generalized method

of moments. Their results demonstrated that the "CIR's model for index bonds per-
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Table 2.1: Alternative Speci�cations of the Spot Interest Rate Process of Single-
Factor Models

# Drift Di�usion Stationary References

1 k(θ − r) σ Yes Vasicek (1977) [155]

2 k(θ − r) σr1/2 Yes CIR (1985) [46]

3 k(θ − r) σr1/2 Yes Brown & Dybvig (1986) [30]

4 k(θ − r) σr1/2 Yes Gibbons and Ramaswamy (1993) [73]
5 k(θ − r) σr Yes Courtadon (1982) [44]
6 k(θ − r) σrλ Yes Chan et. al (1992) [38]
7 k(θ − r)

√
σγr Yes Du�e and Kan (1996) [54]

8 kr(θ − ln(r)) σr Yes Brennan and Schwartz (1979) [22]

9 kr + θr−(1−δ)) σrδ/2 Yes Marsh and Rosenfeld (1983) [108]
10 θ − αr σ Yes Hull and White (1990) [89]
11 θ + k + γr2 σγr Yes Constantinides (1992) [43]
12 k σ No Merton (1973) [110]
13 0 σr No Dothan (1978) [52]

14 0 σr3/2 No CIR (1980) [45]

Source: Ait-Sahalia (1996) [2] and author's elaboration.

forms reasonably well when confronted with short-term Treasury-bill returns. The

estimates indicate that term premiums are positive and that yield curves can take

several shapes. However, the �tted model does poorly in explaining the serial corre-

lation in real Treasury-bill returns" [73]. Ait-Sahalia (1996) [2], by using a nonpara-

metric estimation on several single-factor models, concluded that every parametric

single-factor model is rejected by the data. This was con�rmed by Stanton (1997)

[146] who found nonlinearities in the drift coe�cient of single-factor models. As the

reversion appears to play a strong role only at higher levels of short rates. To improve

the accuracy as well as the explanatory power of the model, multi-factor models have

been proposed. Among them, we mention a) Langetieg (1980) [99] who extended the

Vasicek (1977) model by assuming that the short rate is the sum of n state variables,
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each following the short rate process suggested by Vasicek; b) Brennan and Schwartz

(1979) [22] who considered a two-factor model: one for the short rate and the other

for the consol rate; c) Richard (1978) [136] that proposed the real rate ad �rst factor

and the expected in�ation rate as the second factor; etc. (for a review see Rebonato

(1996) [135]). Table 2.2 summarizes some well known multi-factor models in terms

of the state variable, the relationship between state variables and their analytical

tractability.

Table 2.2: Alternative Speci�cations of the Spot Interest Rate Process of Multi-
Factor Models

#
State

Variables

Relationship
between

State Variables
Analytical Model

1
Multiple unobserved
state variables

Short rate is the sum
of all state variables

Yes Langetieg (1980) [99]

2 Long rate and short rate
Both rates
are correlated

No Brennan and Schwartz (1979) [22]

3
Real rate and
expected rate of in�ation

Restricted Yes Richard (1978) [136]

4 Short rate and volatility Correlated Yes Longsta� and Schwartz (1992) [107]
5 Unspeci�ed Correlated-�exible Yes Du�e and Kan (1996) [54]

6
Short rate and
the drift of the short rate

Correlated Yes Hull and White (1990) [89]

7
Short rate, drift of short rate
and the volatility

Restricted Yes Chen (1996) [40]

8
Short rate and
volatility

Correlated Yes Fong and Vasicek (1992) [69]

9 Short rate and volatility Correlated No Heston (1993) [87]
10 Short rate and volatility Correlated No Bates (1996) [9]

Source: Sundaresan (2000) [151] and author's elaboration.

After the illustration of the basic concepts around stochastic processes and short

rate models, as the objective of this Thesis is to illustrate a parsimonious approach to

the problem, in the following Chapter , we are going to focus on the Vasicek (1977),

Hull and White (1990) and CIR (1995) models as they are the most relevant for the

remainder of this work.
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Chapter 3

The CIR, Vasicek and the

Hull-White models

As stated by the Nobel award Enrico Fermi with more than four parameters one can

�t an elephant into the car's trunk. Whenever possible, we prefer parsimonious over

complex models. For this reason, in our research, we focused on single factor models

and on how to make them work. In the following, we describe the models which are

relevant in the ensuing part of this Thesis.

3.1 The CIR model

The CIR process can be de�ned as the square of the norm of a d-dimensional

Ornstein-Uhlenbeck (OU) process, with dimension d = kθ ∈ R, where k, θ are the

parameters in the SDE (2.4), or, equivalently, by a space-time change, as a squared

Bessel process with dimension d =
4k, θ

σ2
[91].

The CIR model is an Ornstein-Uhlenbeck process that does not allow negative
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interest rates with the following characteristics:

1) The variance is proportional to the short-rate which implies that the standard

deviation is proportional to interest rates

2) The Euler discretization of CIR model is

rV (ti+1) = rV (ti) k (θ − rV (ti))∆t+
√
∆ t σZi+1

rC(ti+1) = rC(ti) k (θ − rC(ti))∆t+
√
rC(ti)

√
∆ t σZi+1

where δσ denotes a change in σ. Then the impact of δσ on r is

∆σ
C rC(ti+1) = δσ

√
rC(ti)

√
∆ t Zi+1,

In other terms, in the CIR model the volatility contains the rt term, which

allows reducing the e�ect of a change in σ.

The CIR model in (2.4) can be described as

drt = κ(θ − rt)dt+ σ(t, rt)dWt, r(0) = r0, (3.1)

where the constant parameters κ and θ denote the reversion's speed and the long-

term mean, respectively.

For the CIR model, κ, θ > 0 and the volatility σ(t, rt) = σ
√
rt > 0 in (2.4), with

θσ2/2κ the long-term variance. The process r is known as the square-root process.

The conditional distribution of r is a non-central Chi-square distribution and the

steady distribution is a Gamma. Therefore, the square-root process r is always non-

negative; it is known that if the involved parameters satisfy the condition 2kθ > σ2,
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then rt is strictly positive for any t ≥ 0, and, for small rt, the process rebounds as

the random perturbation dampens with rt → 0.

The factor risk premium is the premium investors require for holding the risky

security. In equilibrium, the factor risk premium should equal the excess expected

return on that security above the risk free return (which is the instantaneous risk-free

rate r). As in the CIR model, the risky security is the pure discount bond with price

P , then the di�erence between the expected return on discount bond and rP is the

risk premium [106].

Cox, Rubinstein and Ross [46] show that the risk premium is a linear function of r,

λ(t, rt)rP (t, rt)r (where the latter denotes the partial derivative of P with respect to

r). In equilibrium, a discount bond price P (t, rt)r must satisfy the partial di�erential

equation:

The relatively handy implementation and tractability of the CIR model, as well as

the speci�c characteristic of precluding negative interest rates, an undesirable feature

under 2008 pre-crisis assumptions, are two reasons that allowed the CIR model to

become one of the most widely used short-term structure models in �nance. Other

applications include stochastic volatility modelling [126, 34]. However, there are a

number of issues in describing interest rate dynamics within the CIR framework

such as: a) interest rates can never reach negative values; b) the di�usion term

σ
√
rt goes to zero when rt is small, in contrast to actual experience; c) the volatility

parameter σ is constant, whereas in reality σ changes continuously; d) as well as with

the Vasicek model, there are no jumps (neglecting in this way events such as �scal

and monetary decisions, release of corporate �nancial results, changes in investors'

expectations, etc.). e) the risk premium λ(t, rt) is linear with rt (which is false if

both credit worthiness of a counterparty and market volatility are considered); f)

interest rates may vary according to the market risk only.
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In fact, the current market environment with abrupt changes in volatility and

negative interest rates has exacerbated the above-mentioned issues urging the need

for more sophisticated frameworks, which could accommodate multiple sources of

risks, as well as shocks and/or structural changes of the market. This has lead

to the development of several papers for pricing interest rate derivatives that are

based on stochastic interest rate models generalizing the classical CIR and Vasicek

paradigm [24]. More recently, Zhu (2014) [162] proposed a CIR variant with jumps

modelled by a Hawkes process, and Moreno and Platania (2015) [115] presented a

cyclical square-root model, where the long-run mean and the volatility parameters

are driven by harmonic oscillators. Finally, Naja� and Mehrdoust (2017) [116] and

Naja� et al. (2017) [117] proposed some extensions of the CIR framework where a

mixed fractional Brownian motion is added to account for the random part of the

model.

3.2 The Vasicek model

In the following, we explain the basic features of the Vasicek model versus the CIR

model previously introduced. For a general overview on those models and on the yield

curves, forward curves, term structures and their generalizations with increased state

space dimension see Medvedev (2019) [109].

The Vasicek model is still an Ornstein-Uhlenbeck process and allows negative

interest rates but is less commonly used by �nancial institutions for a number of

reasons:

1) The variance is constant (while for the CIR the variance is proportional) to the

short rate. The advantage for the CIR is that as the short-term interest rate

increases, its standard deviation increases as well.
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2) Let us take the Euler discretization of the Vasicek and CIR model

rV (ti+1) = rV (ti) k (θ − rV (ti))∆t+
√
∆ t σZi+1

rC(ti+1) = rC(ti) k (θ − rC(ti))∆t+
√

rC(ti)
√
∆ t σZi+1

and let us denote δσ a change in σ. Then the impact of δσ on r in the Vasicek

model is higher than in the CIR model because

∆σ
V rV (ti+1) = δσ

√
∆ t Zi+1.

It can be shown that with low k and high σ values in the Vasicek model [50], it is

possible to get bond prices bigger than 1 (which in most cases could appear illogical).

Furthermore, the Vasicek model converges very fast to its long-run mean value and

therefore oscillates around it. In reality, interest rates do not get pulled back to

their long-term mean value immediately and they may stay above or beyond the

equilibrium for some time.

The Vasicek and the CIR model in (2.4) has the form

drt = κ(θ − rt)dt+ σ(t, rt)dWt, r(0) = r0, (3.2)

where the constant parameters κ and θ denote the reversion's speed and the long-

term mean, respectively. The rationale behind the mean reversion is that higher

rates slow down the economy and reduce the demand for funds. When rates are low,

the opposite happens. However, this has proved to be not always true as �you can

take a horse to water, but you can't get it to drink".

For the Vasicek model, κ, θ > 0, and the volatility σ(t, rt) is a constant parameter
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σ > 0. r is an Orstein-Uhlenbeck process and has a steady normal distribution

with mean θ and long-term variance σ2/2κ. This allows the positive probability of

getting negative interest rates, which was not expected before the massive injection of

liquidity and credit facilities provided by central banks following 2008 credit squeeze.

Among the drawbacks of this model are the poor �tting to the current term structure

of interest rates (later addressed by Hull and White, 1990) [89] and the undesired

property that the yields over all maturities are perfectly correlated. Moreover, the

conditional volatility of changes in the interest rate is constant, independent on the

level of r, which can unrealistically a�ect the prices of bonds (see Rogers, 1996) [139].

3.3 The one-factor Hull�White model

The one factor Hull and White model is described by the following stochastic equa-

tion:

drt = (θt − αtrt) dt+ σt dWt.

where θ is time dependent.

Remark 3.1. When θ and α are both time-dependent the model is called extended

Vasicek model.

The Hull and White model belongs to the class of no-arbitrage models that are

used to �t the term structure of interest rates. Moreover, this model easily translates

onto lattice trees when discrete time computations are required. In fact, the same au-

thors, for the simple case of constant volatility, show how their model work by using

a trinomial lattice with upper and lower bounds on spot interest rates. The problem

with that approach is that involves a numerical algorithm for the identi�cation of
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the expected value of the spot rate at each date. This may require Monte Carlo sim-

ulation and be computationally ine�cient. To solve the said problem many solutions

have been proposed to date such as the use of a speci�cation where the volatility is

proportional to the spot rate can mitigate substantially the concerns about negative

interest rates [79]. This model is one of the benchmarks that we used versus the

CIR#.

Having described what are in our view the three more important single factor

models, in next Chapter 4 we provide a new methodology that we call the CIR#

model.

51



52



Chapter 4

The CIR# model: a new approach to

forecast market interest rates

4.1 Introduction

The aim of the present Chapter is to provide a new methodology within the CIR

framework, which we call the CIR# model, that well �ts the dynamic of interest

rates as observed in real markets. Our approach is based on modelling the evolution

of a given interest rate (rather the term structure at a given point in time) through

some algorithm that we are going to explain in detail in the following pages. Here

we only mention that we apply an appropriate partitioning of the data sample and,

by doing so, we calibrate the CIR parameters by replacing the standard Brownian

motion process in the random term of the CIR model with normally distributed

standardized residuals of the �optimal" ARIMA model (suitably chosen from the

above mentioned partition of the time series). In this Chapter, the e�ciency of the

new approach in forecasting future interest rates is tested for di�erent yields for both
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EUR and USD currencies. There are two reasons why we use this approach. First,

we want to leverage a widespread model such as the CIR model and second because

we want a forecasting tool to be able to overcome some major issues related to the

original CIR model while preserving the market volatility structure as well as the

analytical tractability of the mentioned model.

Cox, Ingersoll & Ross (1985)[46] proposed a stochastic model introduced by Feller

(1951)[67] to describe the term structure of interest rates, well known in the �nancial

literature as the CIR model. This model generalizes the Vasicek model [155] to

the case of non-constant volatility and assumes that the evolution of the underlying

interest rate is a di�usion process, i.e. a continuous Markov process unique solution to

the following stochastic di�erential equation (SDE) under the real market probability

measure P

dr(t) = k(θ − r(t)) dt+ σ
√
r(t)dW (t), (4.1)

with initial condition r(0) = r0 > 0. (W (t))t≥0 denotes a standard Brownian motion

under the measure P intended to model a random risk factor. The interest rate

process (r(t))t≥0 is usually known as the CIR process or square root process. The SDE

(4.1) is classi�ed as a one-factor time-homogeneous model, because the parameters

k, θ and σ, are time-independent. Therefore the SDE (4.1) is composed of two parts:

the �mean reverting" drift component k[θ − r(t)], which ensures the rate r(t) is

elastically pulled towards a long-run mean value θ > 0 at a speed of adjustment

k > 0, and the random component W (t), which is scaled by the standard deviation

σ
√

r(t). The volatility of the instantaneous short-rate is denoted by σ > 0.

The remainder of the Chapter is organized as follows. Section 4.2 summarizes the

existing literature on the CIR model and the related extensions. Section 4.3 describes

the principal steps of the proposed CIR# model. Section 4.4 presents in more detail
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the numerical procedure and tests the goodness-of-�t of the new methodology to

market data. The e�ciency of the new approach in forecasting future interest rates

is shown in Section 4.5 for monthly observed interest rates in both money market

and short-term to long-term datasets for both EUR and USD currencies. Finally,

Section 4.6 concludes.

4.2 Literature

The CIR model became very popular in �nance among practitioners because it was

perceived as an improvement on the Vasicek model, not allowing for negative rates

and introducing a rate dependent volatility, as well as for its relatively handy imple-

mentation and analytical tractability. Moreover, the Vasicek model [155] was quickly

abandoned by practitioners because the conditional volatility of changes in the in-

terest rate is constant, independent on the level of it, and this may unrealistically

a�ect the prices of bonds that can grow exponentially (see Rogers [139]).

Other applications of the CIR model include stochastic volatility modelling in

option pricing problems (see Orlando and Taglialatela (2017) [126], Canale et al.

(2017) [35]), or default intensities in credit risk (see Du�e (2005)[53]).

Despite the rapid success, the CIR model fails as a satisfactory calibration to

market data since it depends on a small number of constant parameters, k, θ and σ.

As explained by Brigo & Mercurio (2001), Section 3.2 [26]: �the zero coupon curve

is quite likely to be badly reproduced, also because some typical shapes, like that

of an inverted yield curve, may not be reproduced by the model,...... no matter the

values of the parameters in the dynamics that are chosen". Cox, Ingersoll and Ross,

instead, mentioned explicitly that the model can "produce only normal, inverse or

humped shapes"[46]. The seeming contradiction lies in its practical implementation.
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Thus the need for more sophisticated models for allowing a more precise �t to

the currently-observed yield curve, which could take into account multiple correlated

sources of risk [72] as well as shocks and/or structural changes of the market, led

some years later to the development of extensions of the CIR model. Among the best

known ones are: a the Hull-White (1990)[89] model based on the idea of considering

time-dependent coe�cients; b the Chen (1996)[39] three-factor model; c the CIR++

model by Brigo & Mercurio (2001)[26] that considers short-rates shifted by a deter-

ministic function chosen to �t exactly the initial term structure of interest rates; d

the jump di�usion JCIR model (see Brigo & Mercurio (2006) [27]); e the JCIR++

by Brigo & El-Bachir (2006)[24] where jumps are described by a time-homogeneous

Poisson process; f the CIR2 and CIR2++ two-factor models (see Brigo & Mercu-

rio (2006) [27]). Quite recently Zhu (2014)[162], in order to incorporate the default

clustering e�ects, proposed a CIR process with jumps modelled by a Hawkes process

(which is a point process that has self-exciting property and the desired clustering

e�ect), Moreno et al. (2015)[115] presented a cyclical square-root model, and Na-

ja� et al. (2017) ([116], [117]) proposed some extensions of the CIR model where a

mixed fractional Brownian motion applies to display the random part of the model.

Similarly, Mishura et al. (2018) [112] proved that the CIR process is a fractional

Brownian motion with an arbitrary Hurst parameter. Fallah (2019) et al. [62] stud-

ied the existence and uniqueness of the solution of a fractional version of the CIR

stochastic di�erential equation and �obtain the price of the double barrier option

under transaction cost".

Note that all the above cited extensions to CIR model preserve the positivity of

interest rates, in some cases through reasonable restrictions on the parameters. But

the �nancial crisis of 2008 [10], [114], [142] and the ensuing quantitative easing poli-

cies brought down interest rates, as a consequence of reduced growth of developed
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economies, and accustomed markets to unprecedented negative interest regimes un-

der the so-called �new normal" (that we are going to illustrate later in the remainder

of this section). Therefore, the need for adjusting interest rate models for negative

rates has become an additional characteristic that a �good" model should possess.

However, as mentioned in the introduction, in this Chapter instead of modelling

short-term interest rates rt as a stochastic process under a risk-neutral measure Q

we want to model real/observable interest rates rt as a stochastic process under

real probability distribution of the market prices under P. Even though the Q and

P associate di�erent weights to the same possible outcomes for the same �nancial

variables, it is possible transitioning from one set of probability weights to the other

when the so-called risk-premia are determined. Thus models used under Q by pricers

and quant traders have been adopted as well by risk and portfolio managers.

4.3 The CIR# model

In the following, we will illustrate our original approach, but �rst let us recap what

we believe to be the main issues that we want to address regarding the CIR model:

1. Negative interest rates are precluded;

2. The di�usion term in (4.1) goes to zero when r(t) is small (in contrast with

market data);

3. The instantaneous volatility σ is constant (in real life σ is calibrated continu-

ously from market data);

4. There are no jumps (e.g. caused by government �scal and monetary policies,

by the release of corporate �nancial results, etc.);
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The aim of the present work is to provide a new methodology that gives an

answer to points i.- iv. by preserving the structure of the original CIR model (4.1)

to describe the dynamics of spot interest rates observed in �nancial markets. For

this purpose the �rst step is partitioning the available market data sample into sub-

samples - not necessarily of the same size - in order to capture all the statistically

signi�cant changes of variance in real spot rates and consequently, to give an account

of jumps. That represents the �rst novelty of our procedure because partitioning the

data sample should allow overcoming the critical issue pointed out in iv.. After

that, to overcome challenges i.- ii., the real rates are properly translated to shift

them away from zero or negative values and such that the di�usion term in (4.1) is

not dampened by the proximity to zero but fully re�ects the same level of volatility

present on the market (see Section 4.4.1).

The second step consists in �tting an �optimal" - as explained in Sections 4.4.2

and 4.4.3 - ARIMA model to each sub-sample of market data. To ensure that the

residuals of the chosen �optimal" ARIMA model in each sub-sample look like Gaus-

sian white noise, the Johnson's transformation (Johnson (1949)[92]) is applied to the

standardized residuals. This step will be useful in the sequel in order to obtain the

best �tting to the observed rates.

As a third step, the parameters k, θ, σ in (4.1) are calibrated to the shifted market

interest rates by estimating them for each sub-sample of available data, as explained

in Section 4.4.3 (which allows overcoming the issue iii.). For this purpose, trajectories

of the CIR process are simulated by a strong convergent discretization scheme. The

second novelty in our procedure consists in using the standardized residuals of the

�optimal" ARIMA model selected for each sub-sample in place of realizations of

a standard Brownian motion into the simulation scheme. As a result, exact �tted

values to real data following the CIR dynamics are calculated and the computational
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cost of the numerical procedure is considerably reduced. Finally, the interest rates

estimated by the CIR model are shifted back and compared to real data. As a

measure of goodness-of-�t to the available market data, we compute:

� the statistics R2 given by the following expression [97]

R2 = 1−

m∑
h=1

(eh − e)2

m∑
h=1

(rh − r)2
, (4.2)

where eh = rh − r̂h denotes the residual between the observed market interest

rate rh and the corresponding �tted value r̂h, evaluated on a data sample of size

m ≥ 2. Furthermore, e and r denote the sample mean of eh and rh, respectively;

� the square root of the mean square error (RMSE)

ε =

√√√√ 1

m

m∑
h=1

e2h. (4.3)

4.4 Numerical implementation and empirical anal-

ysis

4.4.1 STEP 1: ANOVA test and market data translation

The Analysis of Variance (ANOVA) is a parametric statistical tool developed by

R.A. Fisher in 1918 as an extension of the t and the z test (both used for analysing

statistical di�erences between two groups). The idea is to compare means (and

relative variance) between three or more independent groups in a sample using the

F-distribution. ANOVA tests the non-speci�c null hypothesis that the population's
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means are equal between groups (i.e. the "omnibus null hypothesis"). ANOVA

is one-way (respectively two-way) when the number of independent variables is one

(respectively two). The one-way ANOVA produces an F-statistic, obtained as a ratio

of two estimates of population's variance. A higher ratio implies that the samples

were drawn from populations with di�erent mean values.

As explained in Section 4.3, our �rst objective is to overcome the issues pointed

out in i., ii. and iv. for the CIR model. Thus we start to partition the whole

data sample into sub-samples, which we call groups, by a one-way ANOVA analysis

to highlight statistically signi�cant changes of variance in market spot rates and so

to give an account of possible jumps. The main di�culty concerns the choice of

the optimal partition into groups to apply the ANOVA test; we had to take into

account both the size (the smaller the group, the more re�ned the analysis) and the

ability to capture any jumps (the larger the group, the better in terms of statistical

signi�cance).

As an example, we consider the data sample consisted of n=68 interest rates with

1 day (overnight) maturity from Dataset I in EUR currency. After several tests, we

decided to segment the whole sample into eight groups each of size m = 8 or a

multiple thereof (except for the last group, obviously). The results of the one-way

ANOVA test are reported in Table 4.1. The p-value (Prob>F) of 8.00796 · 10−19

indicates a statistically signi�cant di�erence between groups.

Furthermore, the boxplots (Figure 4-1.a)) and a multiple comparison test per-

formed on the eight groups (Figure 4-1.b)) have suggested partitioning the data

sample into the following four groups of observations 1�8, 9�16, 17�56, 57�68.
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Table 4.1: The ANOVA Table shows the between-groups (Groups) and the within-
groups (Error) variation. �SS" is the sum of squares and �df" means degrees of
freedom associated to SS. MS indicates the mean squared error, i.e. the estimate
of the error variance. The value of the F-statistic is given by the ratio of the mean
squared errors.

Source SS df MS F Prob>F
Groups 10.8783 7 1.55405 34.71 8.00796e-19
Error 2.6862 60 0.04477
Total 13.5645 67

Moreover, since the CIR model (4.1) does not �t negative interest rates and

normal/high volatility when the rate value is small, the following translation formula

rshift(t) = r(t) + α, t ∈ [0, T ], (4.4)

which leaves unchanged the stochastic dynamics of the interest rate process r =

(r(t))t∈[0,T ], is applied to the observed market data in the presence of near zero/negative

values. The parameter α > 0 is an arbitrary constant term. The most appropriate

choice must take into account the empirical distribution of interest rates. For our

purpose, we set α equal to the approximate value, calculated from the available mar-

ket data, corresponding to the 99th-percentile of the conditional distribution of r.

However, if further negative values are between the 99th- and the 100th-percentile,

then α can be set equal to the approximate value corresponding to the 1st-percentile

of the conditional distribution of interest rates. Hence the translation (4.4) becomes

rshift(t) = r(t)− α.

The translation is applied after carrying out a check on each group partitioning the
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Figure 4-1: a). Boxplots with notches around the median (red line). Notches of boxes
A-1, A-2, A-8 do not overlap each other and with the other groups, this o�ers evidence
of a statistically signi�cant di�erence between the medians. Notches of boxes A-
3,...,A-7 overlap, indicating they may be from the same or similar populations. b).
Multiple comparison test of the means. The plot displays the mean estimates of
each group with 95% intervals around them. The intervals of groups A-2,...,A-8 are
highlighted in red and the comparison interval of the group A-1 is in blue. The lack
of intersection between intervals indicates that the corresponding group means are
signi�cantly di�erent from each other.
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original data sample. The check consists in calculating the harmonic mean, which

is more robust than the arithmetic one in the presence of extreme values, and in

verifying whether it is smaller than a constant value chosen arbitrarily small (e.g.

10−2). If this happens in at least one group, then the whole sample is translated.

4.4.2 STEP 2. Sub-optimal ARIMA models

The second step of our procedure consists in deriving the best �tting ARIMA(p, i, q)

model to each group of interest rates partitioning the observed market data sample.

In time series analysis, an ARIMA (autoregressive integrated moving average)

model is a generalization of an ARMA (autoregressive moving average) model. Fixed

p, q ∈ N∗, the ARIMA(p, q) refers to the model with p autoregressive terms and q

moving-average terms, i.e. a given process X(t) is ARIMA(p, q) if

X(t) = m+

p∑
h=1

ϕ(h)X(t− h) + ε(t) +

q∑
h=1

θ(h)ε(t− h),

where m is a constant, ϕ(h), θ(h) are the parameters of the model and ε(t) is white

noise.

The process X(t) is said to be stationary if the absolute value of any root of the

polynomial ϕ(x) := 1−
p∑

h=1

ϕ(h)xh is greater than 1. Analogously, X(t) is said to be

invertible if the absolute value of any root of the polynomial θ(x) := 1+

q∑
h=1

ϕ(h)xh is

greater than 1. Moreover, given i ∈ N, let ∆iX(t) = X(t)−X(t−i) the ith-di�erence

operator, then, an ARIMA(p, i, q) model is a process X(t) where ith-di�erence is a

stationary and invertible ARMA(p, q) model (for more details see [20]).

We apply the ARIMA(p, i, q) on the interest rates time series r(t) as a �lter in
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the sense that we take its residuals. In fact, a 'good' ARIMA has not autocorre-

lated, independent and normally distributed residuals. This conforms to the basic

assumption in the CIR model (4.1) that the random term is governed by a Brown-

ian motion. This strategy allows us to get an exact trajectory of CIR �tted values

instead of a curve averaged over 100,000 simulated trajectories (i.e. the average of

a Monte Carlo simulation), and so, the computational cost is considerably reduced.

Moreover, our model depends implicitly on the updating parameters (p, i, q) and this

provides a better calibration at each time step to market data. To recall how this

objective is di�cult we refer to Carmona and Tehranchi (2006) [36] who explained

that: "tweaking the parameters can produce yield curves with one hump (a local

maximum) or one dip (a local minimum), but it is very di�cult (if not impossible)

to calibrate the parameters so that the hump/dip sits where desired. There are not

enough parameters to calibrate the models to account for observed features contained

in the prices quoted on the markets".

Therefore, to keep working with a suitable CIR model, we choose the parameters

(p, i, q) for the ARIMA such as the (standardized) residuals are like Gaussian white

noise, as explained below.

First we start by selecting, for each group, a set of ARIMA (p, i, q) models, for

i ∈ {0, 1, 2} and p, q ∈ {1, 2, 3}, whose standardized residuals satisfy the following

�sub-optimal" conditions:

1. Absence of both autocorrelation (AC) and partial autocorrelation (PAC) in the

time series (if this condition is not veri�ed, we can require just the absence of

autocorrelation);

2. Absence of unit roots (stationarity of the time series);

3. To be normally distributed;
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4. R2
ARIMA > 0.5,

where R2
ARIMA denotes the statistics R2 de�ned in (4.2), computed for the ARIMA

(p, i, q) model. Further, to ensure that the standardized residuals of the selected

ARIMA (p, i, q) models satisfy the above condition 3, the Johnson's tranformation

system (Johnson (1949)[92]) is applied. The Johnson's method consists in trans-

forming a non-normal random variable X to a standard normal variable Z as follows

Z = γ + δf

(
X − ξ

λ

)
, λ, δ > 0 (4.5)

where f is function of a simple form. In particular, f((X−ξ)/λ)must be a monotonic

function of X, and its range of values have to correspond to the actual range of

possible values of (X−ξ)/λ. The parameters δ and γ re�ect respectively the skewness

and kurtosis of f , while ξ and λ are the mean and the standard deviation of X. The

algorithm to estimate the four parameters γ, δ, λ and ξ, and perform the appropriate

transformation is available as a Matlab Toolbox written by Jones (2014) [93]).

In the sequel, we will show how the normally distributed standardized ARIMA

residuals apply to the di�usion term of the SDE (4.1) to simulate trajectories of the

interest rate process and calibrate the corresponding parameters k, θ, σ to the shifted

market interest rates.

4.4.3 STEP 3. Calibration of CIR parameters

Consider the jth-group partitioning the available market data sample, which we

assume to be of length nj. The calibration of the CIR parameters k, θ, σ in the

group is performed as follows

� The volatility σ is estimated by the group standard deviation, namely σ̂j;
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� The long-run mean parameter θ is estimated by the group mean, namely θ̂j;

� The speed of mean reversion k is estimated by that value, say k̂j, solving the

following minimization problem:

min
k>0

Sj(k) := min
k>0

√√√√√ nj∑
h=nj−1+1

(uh(k)− uj(k))2

nj − 1
. (4.6)

For any k > 0, we de�ne

uh(k) := rh(k)− rshift,h, h = nj−1 + 1, · · · , nj, (n0 = 0) (4.7)

being rshift,h the shifted market interest rate value in the jth-group, and rh(k) the

corresponding simulated CIR interest rate value expressed as a function of the un-

known parameter k. uj(k) denotes the sample mean of {uh(k), h = nj−1+1, · · · , nj}.

The rh(k) are calculated by applying the Milstein discretization scheme (1979)[111]

1. to the SDE (4.1).

Brigo & Mercurio (2006) [27, Section 22.7] showed that the Milstein scheme

converges in a much better way than other numerical schemes for the CIR process.

It reads as

rh+1(k) = rh(k)+k(θ̂j−rh(k))∆+σ̂j

√
rh(k)∆ Zh+1+

(σ̂j)
2

4
[(
√
∆ Zh+1)

2−∆], (4.8)

where ∆ is the time step - we set ∆ = 1/30 due to monthly observed data - and Zh+1

are the normally distributed standardized residuals of each ARIMA(p, i, q) model

satisfying the �sub-optimal" conditions 1-4 for the jth-group.

1A variant with polynomial convergence rates is described in [86]
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After calculation of the estimates k̂j, θ̂j, σ̂j, the CIR �tted values to the shifted

observed interest rates in the jth-group are computed by the simulation scheme (4.8)

as follows

r̂h+1 = r̂h + k̂j(θ̂j − r̂h)∆ + σ̂j

√
r̂h ∆Zh+1 +

(σ̂j)
2

4
[(
√
∆Zh+1)

2 −∆], (4.9)

where ∆ and Zh+1 are as before. We would emphasize that the partitioning of the

available data sample in groups a�ects the estimation of the parameters k, θ, σ, which

are so locally calibrated to each group. Moreover, it is worth noting that to simulate

trajectories of the CIR process, the random terms in the simulation scheme (4.8) are

generated by the standardized residuals Zh+1 in place of realizations of a standard

Brownian motion, as usual. This strategy allows us to get an exact trajectory of CIR

�tted values instead of a curve averaged over 100,000 simulated trajectories, with a

considerably reduced computational cost.

To measure the goodness-of-�t, the statistics R2 is computed. For sake of clarity,

in the sequel we will denote by R2
CIR the statistics (4.2) when referring to the CIR

model.

Optimal ARIMA model

For each group j, the �optimal" ARIMA(p, i, q) model providing the best CIR �t-

ting to the observed market data will be chosen among the selected sub-optimal

ARIMA(p, i, q) models, as described in Section 4.4.2, that satisfy the following addi-

tional conditions:

5. The ARIMA(p, i, q) minimizes the Bayesian Information Criterion (BIC) ma-

trix whose rows and columns are the possible p and q lags, respectively (BIC

condition);
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6. R2
CIR > 0.5.

Therefore we de�ne the following sets of candidate ARIMA models:

IAC = {(p, i, q) |ARIMA(p, i, q) satis�es conditions 1�4 and 5}

and

IACB = {(p, i, q)|ARIMA(p, i, q) satis�es conditions 1�6.} .

Obviously, IACB ⊂ IAC .

Last but not least, the �optimal" ARIMA model is chosen in the above de�ned

classes as the model minimizing the RMSE εj

min
r̂j

εj := min
r̂j

√√√√ 1

nj

nj∑
h=nj−1+1

(rshift,h − r̂h)2, (4.10)

where the minimum is computed with respect to all the CIR �tted values samples,

r̂j = {r̂h ; h = nj−1 + 1, · · · , nj}, simulated for the jth-group.

For better understanding the CIR# methodology herein proposed, we imple-

mented the algorithm described above to analyze the sample of n = 68 monthly

observed EUR interest rates with 1 day (overnight) maturity, introduced in Chap-

ter A). We recall that the ANOVA analysis suggested partitioning the data sample

into four groups of observations: 1�8, 9�16, 17�56, 57�68 (see Section 4.4.1). Table

4.2 shows in detail the outputs for this sample. The group containing the obser-

vations 17�56 has been further segmented into three sub-groups of size m = 8 or

a multiple thereof: 17�32, 33�48 and 49�56. The ARIMA(p, i, q) model identi�ed

by a rectangle in Table 4.2, indicates the �optimal" ARIMA model chosen for each

group/sub-group with the smaller εj value. As can be seen, the bigger R2
CIR value
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matches the �optimal" ARIMA model, except for the group of observations 57�68.

Nevertheless, none of these models ful�ls the BIC condition.

Table 4.2: Outputs from the ARIMA-CIR algorithm for the 68 monthly EUR interest
rates on overnight maturity

j group/sub-groups ARIMA model (R2
CIR)j(R2
CIR)j(R2
CIR)j εjεjεj BIC cond.

1 1�8 (2,0,1) 0.8166 0.1643 1

(2,0,2) 0.5930 0.2414
(3,0,2) 0.780 0.1865
(1,1,1) 0.8166 0.1643
(1,2,1) 0.7309 0.2026
(1,2,2) 0.7805 0.1845

√

(3,2,1) 0.7023 0.2104

2 9�16 (1,0,1) 0.6842 0.2090
(2,0,2) 0.7799 0.2588
(3,0,2) 0.6418 0.2661

√

(1,1,1) 0.7378 0.2043

(1,1,2) 0.8472 0.1554

(2,1,1) 0.6842 0.2169
(2,1,2) 0.7799 0.2012
(3,1,2) 0.6418 0.2333

3 17�32 (1,0,3) 0.9174 0.0326

(3,0,1) 0.5485 0.0646

4 33�48 (3,0,1) 0.6901 0.0833

(3,1,2) 0.6332 0.1146
(3,2,1) 0.6332 0.1146

5 49�56 (1,0,1) 0.5076 0.0597
(1,0,2) 0.6030 0.0526
(2,0,1) 0.5702 0.0577
(3,0,1) 0.7648 0.0483
(3,0,2) 0.6240 0.0537
(1,1,1) 0.5702 0.0577
(2,1,1) 0.5393 0.0588

(3,1,2) 0.7715 0.0479

(1,2,1) 0.5542 0.0582
(3,2,1) 0.6987 0.0479
(3,2,2) 0.6343 0.0536

√
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j group/sub-groups ARIMA model (R2
CIR)j(R2
CIR)j(R2
CIR)j εjεjεj BIC cond.

6 57�68 (1,0,2) 0.5964 0.0752
(1,0,3) 0.8080 0.0570
(2,0,2) 0.8136 0.0559
(3,0,2) 0.7899 0.0577
(3,0,3) 0.6560 0.0704
(1,1,2) 0.8136 0.0559
(1,1,3) 0.8006 0.0614

(2,1,1) 0.8239 0.0486

(2,1,2) 0.8542 0.0525
(2,1,3) 0.8936 0.0551

(3,1,2) 0.9023 0.0511
(3,1,3) 0.8000 0.0580

1 For a more exact comparison we use the numeric format long.

Figure 4-2 reports the qualitative statistical analysis carried out by applying the

ARIMA(1, 1, 2) chosen as the �optimal" �tting model for the group 9�16 (similar

plots for the other group/sub-groups are reported in the 4.5.2).

The total values of the statistics R2 and the RMSE ε have been computed on the

whole sample as a weighted mean of the (R2
CIR)j and εj values corresponding to the

�optimal" ARIMA model chosen for each group/sub-group, i.e.

R2 =
∑
j

nj

n
(R2

CIR)j,

ε =

√√√√∑
j

nj

n

nj∑
h=nj−1+1

(rshift,h − r̂h)2. (4.11)

Their values for the analysed data sample are: R2 = 0.8101, ε = 0.2922. The 4.5.3

reports the CIR parameters estimates and the plots of the function Sj(k), de�ned in

(4.6), for all groups/sub-groups.
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Figure 4-2: Qualitative statistical analysis related to the group 9�16. Top line:
ARIMA (1, 1, 2) standardized residuals versus Johnson's transformed residuals (left);
Q-Q normal plot for the ARIMA(1, 1, 2) standardized residuals (right). Middle line:
AC plot (left) and PAC plot(right). Bottom line: market interest rates versus
ARIMA (1, 1, 2) �tted values (left); comparison between the empirical distribution
function of the ARIMA (1, 1, 2) standardized residuals, before and after the Johnson's
transformation, and the cumulative distribution function (CDF) of the standard
normal distribution (right).

The market interest rates have been shifted by using a translation of type (4.4),

where α corresponds to the 99th-percentile of the conditional distribution of the

interest rates process, as described in Section 4.4.1. Finally, the CIR �tted values

have been shifted back.

Figure 4-3 compares the short-term interest rates structure of the analysed market

data sample with the corresponding curve of CIR �tted values computed by the

simulation scheme (4.9) for each group partitioning the whole data sample.
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Figure 4-3: Monthly EUR interest rates with T=1 day (overnight) maturity vs CIR
�tted rates

4.4.4 The change points detection problem

As explained in Section 4.4.1the main di�culty concerns the choice of the optimal

segmentation to detect abrupt changes in the variance of the interest rates dynamics.

In the literature there exist several approaches for detecting multiple changes in the

probability distribution of a stochastic process or a time series such as sequential

analysis (i.e., �online" methods), clustering based on maximum likelihood estimation

(i.e. �o�ine" methods), minimax change detection, etc. (see, for example, Bai

and Perron (2003)[7], Lavielle (2005)[102] and (2006)[103], Hacker and Hatemi-J

(2006)[82], Adams and MacKay (2007)[1], Arlot and Cenisse (2011)[5]).

We have chosen to implement the Matlab algorithm proposed by Lavielle (2005)[102]

for the detection of changes in the variance, which allows partitioning the data sam-

ple analysed in the previous section into the following six groups of observations:

1�13, 14�19, 20�30, 31�39, 40�52, 53�68. However, the application of Step 2 and

Step 3 of the proposed procedure to each group has not provided better results than
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those previously illustrated.

4.5 Forecast of future interest rates

In this section we will address the CIR# model progress on future interest rate

forecasts from a window of observed market data.

In this endeavour, we decided to impose the most challenging conditions by mod-

elling �rst the overnight rate curve and using only a handful number of observations.

As explained above, with monthly data we have found that m = 8 observations are

su�cient for a good calibration. Thus we consider a �xed size window of 8 real in-

terest rates that is rolled through time, each month adding the new rate and taking

o� the oldest one. The length of this window (8 months) is the historical period

over which we forecast the next-month spot rate value. The numerical procedure

described in Sections 4.4.1�4.4.3 has been applied to forecast future next-month in-

terest rates. We would like to focus for a moment on some di�culties experienced

in implementing the CIR# model to forecast future interest rate values:

a. In case of low-frequency rates and with �xed "a priori" rolling windows of small

length, as in our case, the partition of the data sample may not (always) be

performed. When higher-frequency data are available (e.g. weakly interest

rates), rolling windows of variable size can be determined by a segmentation of

the historical data sample (Section 4.4.1) and a change point detection (Sec-

tion 4.4.4).

b. It is better to calibrate the long-run mean parameter θ to the historical data

as an exponential moving average (EMA). Indeed, the EMA places a greater

weight and signi�cance on the most recent interest rate values. Thus, it reacts
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more signi�cantly to recent interest rate changes than the sample mean, which

applies an equal weight to all observations in the historical period.

The predicted yield curve for monthly EUR and USD interest rates with overnight

maturity is shown in Figure 4-4 and 4-5, respectively, and compared with the cor-

responding market observed data. It is evident that the predicted next-month spot

rates computed by the CIR# model follow the market trend. Moreover, to measure

the goodness-of-�t of forecast interest rates to the market data, we computed the

values of the statistics R2 and RMSE ε, which are respectively 0.8741 and 0.1120 for

the EUR currency and 0.9216 and 0.0263 for the USD currency.
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Figure 4-4: Forecast of the next-month interest rate based on a historical
rolling window of size m = 8 market data: monthly EUR interest rates with
maturity T=1 day (overnight) versus predicted next-month interest rates.

74



0 10 20 30 40 50 60 70
t (months)

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45
Market Interest Rates
Forecasted IR (CIR#)

Figure 4-5: Forecast of the next-month interest rate based on a historical
rolling window of size m = 8 market data: monthly USD interest rates with
maturity T=1 day (overnight) versus predicted next-month interest rates.

4.5.1 CIR# forecasts versus CIR forecasts

In this Section, we would like to point out the CIR# improvements in the forecast

as compared to the original CIR model. Note that future next-month interest rates

are predicted by the CIR model using the expectation closed formula

E[r(t)|r(s)] = θ + (r(s)− θ)e−k(t−s), 0 ≤ s < t,

after the CIR parameters (k, θ, σ) have been calibrated to the market historical data.

This is done by applying the martingale estimating function method for di�usion

processes proposed by Bibby et al. (see [15, Example 5.4](2005) and [122, Section

4.3](2018)). In this case to ensure the existence of such estimates the length of a

rolling window must be greater than the window size of m = 8 observations required

by the CIR# model. Figures 4-6 and 4-7 below plot the future next-month values

predicted by the CIR# methodology compared with the ones forecasted by the clas-
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sical CIR model. A better �tting of the rate values predicted by the CIR# to the

market available data is evident.
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Figure 4-6: CIR# versus CIR: forecast of future next-month interest rates.
Monthly EUR interest rates with overnight maturity (green line); future next-month
interest rates predicted by the CIR# model based on a rolling window of m = 8
market data (magenta dashed line); future next-month interest rates predicted by
the classical CIR model based on a rolling window of m = 14 market data (blue
dashed line).
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Figure 4-7: CIR# versus CIR: forecast of future next-month interest rates.
Monthly USD interest rates with overnight maturity (green line); future next-month
interest rates predicted by the CIR# model based on a rolling window of m = 8
market data (magenta dashed line); future next-month interest rates predicted by
the classical CIR model based on a rolling window of m = 14 market data (blue
dashed line).

Figures 4-8-4-9 and 4-10-4-11 report the error analysis carried out on all (63)

market rate samples of both Dataset I and II respectively in EUR and USD currency.

The analysis consists in comparing the statistics R2 and RMSE values computed

for each future next-month interest rate sample predicted by the proposed CIR#

and the original CIR model, respectively. The vertical black line separates Dataset I

from Dataset II. The plotted results show globally a better performance (bigger R2

value and smaller RMSE value) of the CIR# model.

77



1d 150d 300d 3Y 8Y 13Y 18Y 23Y 28Y 33Y 38Y 43Y 47Y
maturity

0.75

0.8

0.85

0.9

0.95

1
R2

CIR#
CIR

Figure 4-8: Statistics for EUR dataset: R2
CIR# versus R2

CIR, computed on a
rolling window of size m = 14.
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Figure 4-9: Statistics for EUR dataset: RMSECIR# versus RMSECIR, com-
puted on a rolling window of size m = 14.
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Figure 4-10: Statistics for USD dataset: R2
CIR# versus R2

CIR, computed on a
rolling window of size m = 14.
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Figure 4-11: Statistics for USD dataset: RMSECIR# versus RMSECIR, com-
puted on a rolling window of size m = 14.
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4.5.2 Qualitative analysis related to Table 4.2

We report the qualitative statistical analysis carried out for each group/sub group

according to the results reported in Table 4.2.
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Figure 4-12: Qualitative statistical analysis related to the sub-group 1�8. Top line:
ARIMA (2, 0, 1) standardized residuals versus Johnson's transformed residuals (left); Q-
Q normal plot for the ARIMA (2, 0, 1) standardized residuals (right). Middle line: AC
(left) and PAC (right) plots. Bottom line: real interest rates versus ARIMA (2, 0, 1)
�tted values (left); comparison of the standard normal cumulative distribution function
(CDF) with the empirical CDF of ARIMA (2, 0, 1) standardized residuals and of Johnson's
transformed residuals (right).
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Figure 4-13: Qualitative statistical analysis related to the sub-group 17�32. Top line:
ARIMA (1, 0, 3) standardized residuals versus Johnson's transformed residuals (left); Q-
Q normal plot for the ARIMA (1, 0, 3) standardized residuals (right). Middle line: AC
(left) and PAC (right) plots. Bottom line: real interest rates versus ARIMA (1, 0, 3)
�tted values (left); comparison of the standard normal cumulative distribution function
(CDF) with the empirical CDF of ARIMA (1, 0, 3) standardized residuals and of Johnson's
transformed residuals (right).
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Figure 4-14: Qualitative statistical analysis related to the sub-group 33�48. Top line:
ARIMA (3, 0, 1) standardized residuals versus Johnson's transformed residuals (left); Q-
Q normal plot for the ARIMA (3, 0, 1) standardized residuals (right). Middle line: AC
(left) and PAC (right) plots. Bottom line: real interest rates versus ARIMA (3, 0, 1)
�tted values (left); comparison of the standard normal cumulative distribution function
(CDF) with the empirical CDF of ARIMA (3, 0, 1) standardized residuals and of Johnson's
transformed residuals (right).
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Figure 4-15: Qualitative statistical analysis related to the sub-group 49�56. Top line:
ARIMA (3, 1, 2) standardized residuals versus Johnson's transformed residuals (left); Q-
Q normal plot for the ARIMA (3, 1, 2) standardized residuals (right). Middle line: AC
(left) and PAC (right) plots. Bottom line: real interest rates versus ARIMA (3, 1, 2)
�tted values (left); comparison of the standard normal cumulative function (CDF) with
the empirical CDF of ARIMA (3, 1, 2) standardized residuals and of Johnson's transformed
residuals (right).
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Figure 4-16: Qualitative statistical analysis related to the sub-group 57�68. Top line:
ARIMA (2, 1, 1) standardized residuals versus Johnson's transformed residuals (left); Q-
Q normal plot for the ARIMA (2, 1, 1) standardized residuals (right). Middle line: AC
(left) and PAC (right) plots. Bottom line: real interest rates versus ARIMA (2, 1, 1)
�tted values (left); comparison of the standard normal cumulative distribution function
(CDF) with the empirical CDF of ARIMA (2, 1, 1) standardized residuals and of Johnson's
transformed residuals (right).
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4.5.3 CIR parameter estimates

We report the estimates of the CIR parameters k, θ, σ and, in particular, the plots of

the function Sj(k) de�ned in (4.6), corresponding to the selected �optimal" ARIMA

models reported in Table 4.2.
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Figure 4-17: Plots of the functions Sj(k) for each group/sub-group

Table 4.3: CIR parameter estimates based on 68 monthly observed 1-day (overnight)
EUR interest rates

j group/sub-group k̂jk̂jk̂j θ̂ĵθĵθj σ̂jσ̂jσ̂j

1 1�8 20.6364 2.7699 0.4027

2 9�16 5.6621 2.3338 0.3663

3 17�32 5.1649 1.7924 0.0954

4 33�48 4.4462 1.9223 0.1546

5 49�56 1.9092 1.6637 0.0709

6 57�68 1.3555 1.4264 0.0958
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4.6 Conclusions

The aim of the present Chapter is to propose a novel numerical methodology, the

CIR# model, in order to forecast future interest rates that work when rates are

negative and keep update the volatility with market conditions. The basic idea is to

leverage the CIR model by maintaining the market volatility structure as well as the

analytical tractability of the original model. Thus the suggested CIR# model is quite

powerful for the following reasons. First of all, the historical market data sample

is partitioned into sub-groups in order to capture all the statistically signi�cant

changes of variance in the interest rates. Also, we have included in the procedure

an appropriate translation of market rates to positive values in order to overcome

the issue of negative/near-to-zero values. Second, we have introduced a new way of

calibrating the CIR model parameters to each sub-group partitioning the historical

actual data. The standard Brownian motion process in the random part of the

model is replaced with normally distributed standardized residuals of the �optimal"

ARIMA model suitably chosen for each sub-group. As a result, exact CIR �tted

values to the observed market data are calculated and the computational cost of the

numerical procedure is considerably reduced. Third, we have shown that the CIR#

model is e�cient and able to follow very closely the structure of market interest rates

(especially for short maturities that, notoriously, are very di�cult to handle) and to

predict future interest rates better than the original CIR model. As a measure of

goodness-of-�t, we obtained high values of the statistics R2 and small values of the

RMSE ε for each sub-group and the entire data sample. Future research will show

the predictive power of the model by extending the dataset in terms of frequency

and size.

Next Chapter 5, will illustrate how to forecast, through Vasicek and CIR models,
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future expected interest rates based on the methodology here outlined.
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Chapter 5

Forecasting interest rates through

Vasicek and CIR models: a

partitioning approach

5.1 Introduction

The present Chapter has the objective of forecasting interest rates (by maturity)

from observed �nancial market data through a new approach that preserves the

analytical tractability of the stochastic models describing the dynamics of real market

interest rates proposed by Vasicek (1977) [155] and Cox-Ingersoll-Ross (CIR) (1985)

[46]. This is because of their popularity within the �nancial community given their

simplicity (uni-factorial, mean reverting models) and their ability to provide closed

form solutions for pricing interest rate derivatives (Zeytun and Gupta, 2007) [161].

The idea of this work is to overcome both the usual challenges imposed by regime

switching, volatility clustering, skewed tails, etc., as well as the new ones added by
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the current market environment (particularly the need to model a downward trend

to negative interest rates). This is to be achieved by proposing a new methodology

that allows forecasting of future expected interest rates by an appropriate partition

of the dataset and assuming that the dynamic of each rate is represented by the

Vasicek or CIR model. The e�ect of partitioning the available market data into

sub-samples with an appropriately chosen probability distribution is twofold: (1) to

improve the calibration of the Vasicek/CIR model's parameters in order to capture

all the statistically signi�cant changes of variance in market spot rates and so, to give

an account of jumps; (2) to consider only the most relevant historical period. The

distributions herein considered for the dataset partition are the Normal and non-

central Chi-square distribution. These distributions have been chosen by analogy

with the steady (resp. conditional) distribution of the interest rate process in the

Vasicek (resp. CIR) model. The performance of the new approach, tested on weekly

EUR data on bonds with di�erent maturities, has been carried out for both Vasicek

and CIR model, and compared with the Exponentially Weighted Moving Average

(EWMA) model in terms of forecasting error. The error analysis highlighted a better

performance of the proposed procedure with respect to the EWMA and better results

in prediction when a partition with non-central Chi-square distribution (CIR model)

is considered.

This Chapter is organized as follows: Section 5.2 presents the model in full detail.

Section 5.3 shows the empirical results for weekly recorded EUR interest rates in

both money market and short-term to long-term datasets. Section 5.4 contains the

conclusions.
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5.2 The Model: procedure and accuracy

Financial time series for interest rates frequently show an empirical distribution as a

mixture of probability distributions with sudden changes in the magnitude of varia-

tions of the observed values. Thus, in order to capture all the statistically signi�cant

changes of variance in market spot rates and so, to give an account of jumps, the

available market data sample is partitioned into sub-samples - not necessarily of the

same size - with a Normal or a non-central Chi-square distribution by using an appro-

priate technique described in Section 5.2.1. Further, in case negative or close-to-zero

market interest rates are present in the observed dataset, the procedure involves a

shift to positive values by a suitable scalar parameter (Section 5.2.2). This to avoid

that the di�usion term in (3.2) is not dampened when near to zero, as for the CIR

model, but fully re�ects the same level of volatility present on the market .

Finally, to deal with the crucial issue of a constant volatility parameter σ and the

problem of an unsatisfactory calibration to market data for both CIR and Vasicek

models, we calibrate, for each sub-sample, the model's parameters to the observed

interest rates (Section 5.2.3).

The proposed procedure is �rst tested on some samples from the available dataset

(Section 5.3) and then is applied to predict future expected next-week interest rates

based on rolling windows, as described in Section 5.3.1.

5.2.1 Step 1- Dataset partition

As observed in the Introduction, the novelty in our procedure consists in partioning

the available market data into sub-samples with an appropriately chosen probability

distribution. The e�ect of partitioning is twofold: (1) to improve the calibration of

the Vasicek/CIR model's parameters to take account of multiple jumps in the dy-
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namics of market interest rates and so, of time changes in volatility; (2) to determine

only the latest historical period over which predicting expected future interest rates

that closely follow market rates. The sub-samples are chosen according to the data

empirical probability distribution, which is unknown.

Notice that in the literature there are several approaches for detecting multiple

changes in the probability distribution of a stochastic process or a time series (see,

for instance, for instance, Lavielle, 2005 [102]; Lavielle and Teyssiere, 2006 [103];

Bai and Perron 2003 [7]). We shall use these methodologies in an ongoing research

work, but in this Chapter we adopt the numerical partition into sub-samples fol-

lowing a Normal or a non-central Chi-square distribution, as described in the next

subsections.

Partition with Normal Distribution

In Orlando, Mininni and Bufalo, 2018 [122], we hypothesized the empirical distri-

bution of the observed data sample to be a mixture of normal distributions for the

presence of negative interest rate values. This hypothesis is appropriate because in

the Vasicek model the interest rate process r has a steady normal distribution. More-

over, the dynamics of the form (3.2) for the square-root process in the CIR model

is obtained from a squared Gaussian model (see, for example, Rogers, 1996). Our

idea was, therefore, to divide the data sample into a number of sub-samples each

coming from an appropriate normal distribution. The goodness-of-�t to a normal

distribution is checked with the Lilliefors test at a 5% signi�cance level. This is

an improvement over the Kolmogorov-Smirnov test where the population mean and

standard deviation are not known, but are estimated from data. In this Chapter we

have implemented a forward procedure that starts by considering the �rst four data
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of the original sample, say (r1, . . . , r4), and performs the Lilliefors test until the �rst

normally distributed sub-sample, say (r1, . . . , rn1), with n1 ≥ 4, is not rejected. Then,

the procedure is applied to the remaining sequence (rn1+1, . . . , rn1+4) until the second

normally distributed sub-sample (rn1+1, . . . , rn2), with n2 ≥ n1 + 4, is not rejected

and so on, up to partition the entire data sample into m normally distributed sub-

samples, namely (r1, ..., rn1), (rn1+1, ..., rn2), . . . , (rnm−1+1, ..., rnm), nm ≤ n. Table 5.1

summarizes the forward segmentation procedure.

Table 5.1: �Forward� procedure

1. Initialize h=4;
2. run the Lilliefors test on the interest rate vector r(1:h);
3. while the null hypothesis is not rejected
4. h=h+1;
5. run the Lilliefors test on r(1:h);
6. end
7. set n(1)=h;
8. initialize i=1;
9. while n(i)<length(r)
10. h=n(i)+4;
10. repeat steps 2-6 for r(n(i)+1:h) and �nd n(i+1);
11. if length(r)-n(i+1)<4
12. set resti=r(n(i+1)+1:length(r));
13. break
14. else
15. set i=i+1;
16. end
17. end

Further, observe that in performing the Lilliefors test it could happen that the

p-value is greater than the chosen signi�cance level, but di�ers from it by no more

than 10−2. Thus, in this case, the Johnson transformation is applied to ensure that

each sub-sample follows a normal distribution. The Johnson's method consists in

transforming a non-normal random variable X to a standard normal variable Z as
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follows,

Z = γ + δf

(
X − ξ

λ

)
, λ, δ > 0 (5.1)

where f must be a monotonic function of X with the same range of values of the

standardized random variable (X − ξ)/λ, where ξ and λ are respectively the mean

and the standard deviation of X. The parameters δ and γ re�ect respectively the

skewness and kurtosis of f. The algorithm to estimate the four parameters γ, δ, λ and

ξ, and to perform the appropriate transformation is available as a Matlab Toolbox

written by Jones (2014) [93].

To apply the Johnson's method to our case, the market interest rates in each

sub-sample have been �rst transformed by (5.1) to m sub-samples with standard

normal distribution that is, for any k = 1, . . . ,m,

zh = γ + δf

(
rh − µk

σk

)
, h = nk−1 + 1, .., nk (n0 = 0),

where µk, σk denote respectively the sample mean and standard deviation of the k-th

sub-group. Then, they are transformed to m sub-samples with normal distribution

N(µk, σk) as follows

rh = σkzh + µk, h = nk−1 + 1, .., nk (n0 = 0).

Partition with non-central Chi-square Distribution

As an alternative to the previous hypothesis of a mixture of normal distributions,

the empirical distribution of the analysed data sample may be assumed as mixture of

non-central Chi-square distributions. This hypothesis is justi�ed from the conditional

distribution of the CIR process. Since the non-central Chi-square distribution admits
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only positive values, the market observed interest rates have to be �rst shifted to

positive values as described in the next subsection. The partitioning procedure is

analogous to that described in Section 5.2.1 and the Kolmogorov-Smirnov test is

performed (at a 5% signi�cance level) to test the goodness-of-�t of them sub-samples

to a non-central Chi-square distribution.

5.2.2 Step 2 - Shift in interest rates

As mentioned above, a step of the procedure consists in translating market interest

rates to positive values to eliminate negative/near-zero values and not to dampen

the volatility in the CIR model. Herein we consider the following transformation

rshift(t) = r(t) + α, t ∈ [0, T ], (5.2)

where α is a deterministic positive quantity. This translation leaves the stochastic

dynamics of the interest rates unchanged, i. e. for any time t, drshift(t) = dr(t).

There are many values that could be assigned to α, but we believe that the most

appropriate choice is the 99th percentile of the empirical interest rate probability

distribution. If the translation (5.2) is not adequate to move negative interest rates

to corresponding positive values, which means further negative values are between

the 99th- and the 100th-percentile, we can set α equal to the 1st-percentile of the

empirical distribution. In this case (5.2) becomes

rshift(t) = r(t)− α.
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5.2.3 Step 3 - Calibration

In order to estimate interest rates from the Vasicek and CIR model, the involved

parameters k, θ, σ need to be calibrated to the market interest rates. In the present

work, among many approaches existing in the literature to estimate the parameters

of a SDE (see, for instance, Poletti Laurini and Hotta, 2017 [130], and references

therein), we applied the estimating function approach for ergodic di�usion models

introduced in Bibby et al. (2010) [16], which turned out to be very useful in obtaining

optimal estimators for the parameters of discretely-sampled ergodic Markov processes

whose likelihood function is usually not explicitly known. In Orlando, Mininni and

Bufalo, 2018a [122]; 2019 [123], a better performance of the latter method is shown

by comparing its e�ciency with the maximum likelihood estimation routine imple-

mented in Matlab for the CIR process by Kladívko (2007) [95]. In Bibby, Jacobsen,

and Sørensens (2010) [16] the authors constructed an approximately optimal esti-

mating function for the CIR model, from which they derived the following explicit

estimators of the three parameters κ, θ, σ based on a sample of n observed market

spot rates (r1, . . . , rn):

κ̂n = − ln

(
(n− 1)

∑n
i=2 ri/ri−1 − (

∑n
i=2 ri)(

∑n
i=2 r

−1
i−1)

(n− 1)2 − (
∑n

i=2 ri−1)(
∑n

i=2 r
−1
i−1)

)
,

θ̂n =
1

(n− 1)

n∑
i=2

ri +
e−κ̂n

(n− 1)(1− e−κ̂n)
(rn − r1), (5.3)

σ̂2
n =

∑n
i=2 r

−1
i−1(ri − ri−1e

−κ̂n − θ̂n(1− e−κ̂n))2∑n
i=2 r

−1
i−1((θ̂n/2− ri−1)e−2κ̂n − (θ̂n − ri−1)e−κ̂n + θ̂n/2)/κ̂n

.
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Similar calculations allow to compute in closed-form the estimators of the three

parameters κ, θ, σ for the Vasicek model:

κ̂n = − ln

 1
(n−1)

(∑n
i=2 ri−1

)(∑n
i=2 ri

)
−
∑n

i=2 ri−1ri

1
(n−1)

(∑n
i=2 ri−1

)2 −∑n
i=2 r

2
i−1

 ,

θ̂n =
1

(1− e−κ̂n)

(
1

(n− 1)

n∑
i=2

ri −
e−κ̂n

(n− 1)

n∑
i=2

ri−1

)
, (5.4)

σ̂2
n =

2κ̂n

(1− e−2κ̂n)
· 1

(n− 1)

n∑
i=2

(
ri − ri−1e

−κ̂n − θ̂n(1− e−κ̂n)
)2
.

Remark 5.1. Notice that the estimators given in (5.3) and (5.4) exist provided that

the expression for e−κ̂n is strictly positive (Bibby, Jacobsen, and Sørensens observed

that this happens with a probability tending to one as n → ∞).

It is worth noting that in the presence of negative/near-zero interest rate values, as

shown in Figure A-2, the calibration of the unknown parameters for the CIR model

may be carried out only after shifting spot rates to positive values by using the

transformation (5.2).

5.2.4 Step 4 - Forecasting

After calibration to the market data, the estimates of the parameter vector (k, θ, σ)

have been used to forecast future expected interest rates by the following conditional

expectation formula available in closed form for the interest rate process in both

Vasicek and CIR model (3.2)

E[r(t)|r(s)] = θ + (r(s)− θ)e−k(t−s), 0 ≤ s < t. (5.5)
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5.2.5 Accuracy

In order to measure the accuracy of our approach, we compute the square-root of

the mean square error (RMSE), say ε, de�ned as

ε =

√√√√ 1

n

n∑
h=1

e2h, (5.6)

where eh = rh − r̂h denotes the residual between the market interest rate rh and

the corresponding �tted value r̂h. In our case the �tted values are the expected

interest rates estimated through the numerical procedure described in the following

subsections and compared to market data in Section 5.3.

5.3 Empirical results

In order to test the performance of the methodology herein proposed, some empirical

investigations have been done using two data samples of the dataset reported in Table

A.2. We started to examine a market data sample from Dataset II. We considered

a sample consisting of n = 308 weekly observed market interest rates on derivatives

with maturity T = 30Y. Figure 5-1 shows that the observed interest rates are all

positive with near-to-zero values in the tail (green line).

We begin to estimate the expected interest rates from the Vasicek and CIR mod-

els. To calibrate the parameter vector (k, θ, σ) in both models to the market data, we

applied the optimal estimating function method mentioned in Section 5.2.3. Notice

that for the CIR model, we �rst shifted the whole data sample away from zero by

formula (5.2). Then the optimal parameter estimates have been used to calculate the

estimated expected interest rates, say (r̂exp(t))t≥0, by formula (5.5). The initial value
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has been set equal to the �rst value in the observed data sample. Table 5.2 lists the

parameter estimates (k̂n, θ̂n, σ̂n) and the corresponding RMSE ε for both models.

In Figure 5-1 the original market data sample with the corresponding sequence of

the estimated expected CIR/Vasicek interest rates are compared.

Table 5.2: Optimal parameter estimates and the corresponding RMSE ε for the
Vasicek and CIR model. Data sample: n = 68 monthly observed interest rates with
maturity T = 30Y from Dataset II in Table A.2.

Parameter Estimates

Vasicek CIR

κ̂n 0.0087 0.0094

θ̂n 5.1470 5.2037
σ̂n 0.0918 0.0379

ε 0.4411 0.4324
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Expected Interest Rates (CIR)
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Figure 5-1: Estimated expected interest rates: CIR model (blue line) and Vasicek
model (magenta line) versus n = 308 weekly observed EUR interest rates (green line)
with maturity T = 30Y from Dataset II in Table A.2.

To improve the results shown in Figure 5-1 in terms of �tting closely the mar-

ket data, we implemented a numerical algorithm based on the following main steps
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summarizing the model described in Sections 5.2.1-5.2.3 :

1. Shifting each sub-group to positive values by using the translation formula (5.2)

(if needed);

2. Partitioning the whole sample intomNormal/non-central Chi-square distributed

sub-groups;

3. Applying the Johnson's transformation (only in the case of normally distributed

sub-samples);

4. Calibrating the parameters of the CIR/Vasicek interest rate process r to each

sub-group by applying the optimal estimating function method described in

Section 5.2.3;

5. Generating a sequence of estimated expected CIR/Vasicek interest rates by

using the closed formula (5.5) for each sub-group.

Again, we considered the above mentioned weekly observed data sample on

derivatives with long-term maturity (T=30Y). From Step 2 we obtained a parti-

tion of the sample into m = 8 normally distributed sub-groups (see Table 5.3), and

into m = 42 sub-groups with non-central Chi-square distribution (see Table 5.4).

Note that the values r308, in the �rst case, and (r307, r308), in the second case, were

left out the partitioning. We then applied Steps 3-5 to each sub-group for both the

partitions. Tables 5.3 and 5.4 list the RMSE computed for each sub-group, namely

εk, with k = 1, ...,m, and the total RMSE, say ε̃, computed over the whole sample

as a weighted mean of the εk, that is

ε̃ =

√√√√ m∑
k=1

nk

n

nk∑
h=1

e2h. (5.7)
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Table 5.3: Partition by a Normal distribution: error analysis of a sample of n = 308
weekly EUR interest rates with maturity T = 30Y from the Dataset II in Table A.2.

Normal distribution

Sub-group (r1, ..., r33) (r34, ..., r49) (r50, ..., r72) (r73, ..., r202) (r203, ..., r245)
εk 0.1686 0.1181 0.0916 0.2538 0.2879

Sub-group (r246, ..., r250) (r251, ..., r267) (r268, ..., r307)
εk 0.0575 0.1182 0.1355

ε̃ 0.8663

Figures 5-2 and 5-3 below compare the plots of the estimated expected interest

rates with the original market data sample. From them a better �tting to the market

data is evident when we considered partitioning data through non-central Chi-square

distributed sub-samples.
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Figure 5-2: Estimated expected interest rates (blue line) versus market rates (green
line) after segmentation with the Normal distribution for a data sample of n = 308
weekly EUR interest rates with maturity T = 30Y from Dataset II in Table A.2.
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Table 5.4: Partition by a non-central Chi-square distribution: error analysis of a
sample of n = 308 weekly EUR interest rates with maturity T = 30Y from Dataset
II in Table A.2.

Non-central Chi-square distribution

Sub-group (r1, ..., r8) (r9, ..., r16) (r17, ..., r23) (r24, ..., r31) (r32, ..., r40)
εk 0.0731 0.0701 0.0372 0.1208 0.1267

Sub-group (r41, ..., r47) (r48, ..., r55) (r56, ..., r62) (r63, ..., r69) (r70, ..., r77)
εk 0.1079 0.1024 0.0396 0.0675 0.1241

Sub-group (r78, ..., r84) (r85, ..., r91) (r92, ..., r98) (r99, ..., r105) (r106, ..., r112)
εk 0.0483 0.1045 0.0473 0.0415 0.0474

Sub-group (r113, ..., r119) (r120, ..., r126) (r127, ..., r133) (r134, ..., r140) (r141, ..., r147)
εk 0.0671 0.0586 0.0579 0.0782 0.0439

Sub-group (r148, ..., r154) (r155, ..., r161) (r162, ..., r168) (r169, ..., r175) (r176, ..., r182)
εk 0.0311 0.0557 0.0250 0.0312 0.1061

Sub-group (r183, ..., r189) (r190, ..., r196) (r197, ..., r203) (r204, ..., r211) (r212, ..., r218)
εk 0.0767 0.0806 0.0820 0.0942 0.0848

Sub-group (r219, ..., r225) (r226, ..., r235) (r236, ..., r242) (r243, ..., r249) (r250, ..., r256)
εk 0.0652 0.1457 0.0751 0.1203 0.0623

Sub-group (r257, ..., r263) (r264, ..., r271) (r272, ..., r278) (r279, ..., r285) (r286, ..., r292)
εk 0.0886 0.0722 0.0524 0.0588 0.0626

Sub-group (r293, ..., r299) (r300, ..., r306)
εk 0.0519 0.0700

ε̃ 0.0339

The second tested data sample consists of n = 308 weekly EUR interest rates in

a money market, on derivatives with maturity T = 30/360A from Dataset I in Table

A.2. From Step 2 of the above described numerical procedure, the entire sample has

been partitioned into m = 23 normally distributed sub-groups (see Table 5.5) and

into m = 59 non-central Chi-square distributed sub-groups (see Table 5.6). In this

case, the observations (r304, r305, r306, r307, r308) and r308, respectively, were left out

of the partitioning. The results listed in Tables 5.5 and 5.6 as well as the plots in
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Figure 5-3: Estimated expected interest rates (blue line) versus market rates (green
line) after segmentation with non-central Chi-square distribution for a data sample
of n = 308 weekly EUR interest rates with maturity T = 30Y from Dataset II in
Table A.2.

Figures 5-4 and 5-5, show, also in this case, a better �tting to the observed money

market interest rates when a partitioning into non-central Chi-square distributed

sub-samples was considered.
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Table 5.5: Partition by a Normal distribution: error analysis of a sample of n = 308
weekly EUR interest rates with maturity T = 30/360A from Dataset I in Table A.2.

Normal distribution

Sub-group (r1, ..., r10) (r11, ..., r23) (r24, ..., r38) (r39, ..., r44) (r45, ..., r73)
εk 0.0435 0.0933 0.0470 0.0028 0.2238

Sub-group (r74, ..., r79) (r80, ..., r89) (r90, ..., r104) (r105, ..., r118) (r119, ..., r126)
εk 0.0038 0.0220 0.0019 0.0029 0.0016

Sub-group (r127, ..., r141) (r142, ..., r146) (r147, ..., r152) (r153, ..., r163) (r164, ..., r181)
εk 0.0032 0.0007 0.0039 0.0143 0.0299

Sub-group (r182, ..., r192) (r193, ..., r197) (r198, ..., r225) (r226, ..., r264) (r265, ..., r279)
εk 0.0097 0.0107 0.0143 0.0488 0.0315

Sub-group (r280, ..., r284) (r285, ..., r298) (r299, ..., r303)
εk 0.0008 0.0031 0.0004

ε̃ 0.1700
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Figure 5-4: Estimated expected interest rates (blue line) versus market rates (green
line) after segmentation with Normal distribution for a data sample of n = 308
weekly EUR interest rates with maturity T = 30/360A from Dataset I in Table A.2.
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Table 5.6: Partition by a non-central Chi-square distribution: error analysis of a
sample of n = 308 weekly EUR interest rates with maturity T = 30/360A from
Dataset I in Table A.2.

Non-central Chi-square distribution

Sub-group (r1, ..., r6) (r7, ..., r11) (r12, ..., r18) (r19, ..., r24) (r25, ..., r30)
εk 0.0886 0.0326 0.0586 0.0149 0.0382

Sub-group (r31, ..., r36) (r37, ..., r42) (r43, ..., r48) (r49, ..., r55) (r56, ..., r61)
εk 0.0148 0.0046 0.0435 0.0854 0.0306

Sub-group (r62, ..., r66) (r67, ..., r71) (r72, ..., r76) (r77, ..., r82) (r83, ..., r87)
εk 0.0195 0.0033 0.0029 0.0620 0.0052

Sub-group (r88, ..., r92) (r93, ..., r97) (r98, ..., r102) (r103, ..., r107) (r108, ..., r112)
εk 0.0021 0.0003 0.0021 0.0006 0.0028

Sub-group (r113, ..., r117) (r118, ..., r122) (r123, ..., r127) (r128, ..., r132) (r133, ..., r137)
εk 0.0011 0.0007 0.0007 0.0020 0.0028

Sub-group (r138, ..., r142) (r143, ..., r147) (r148, ..., r152) (r153, ..., r157) (r158, ..., r162)
εk 0.0008 0.0004 0.0049 0.0122 0.0115

Sub-group (r163, ..., r167) (r168, ..., r172) (r173, ..., r177) (r178, ..., r182) (r183, ..., r187)
εk 0.0059 0.0069 0.0154 0.0436 0.0056

Sub-group (r188, ..., r192) (r193, ..., r197) (r198, ..., r202) (r203, ..., r207) (r208, ..., r212)
εk 0.0116 0.0107 0.0019 0.0040 0.0076

Sub-group (r213, ..., r217) (r218, ..., r222) (r223, ..., r227) (r228, ..., r232) (r233, ..., r237)
εk 0.0004 0.0017 0.0050 0.0042 0.0053

Sub-group (r238, ..., r242) (r243, ..., r247) (r248, ..., r252) (r253, ..., r257) (r258, ..., r262)
εk 0.0047 0.0019 0.0027 0.0108 0.0046

Sub-group (r263, ..., r267) (r268, ..., r272) (r273, ..., r277) (r278, ..., r282) (r283, ..., r287)
εk 0.0038 0.0163 0.0031 0.0014 0.0043

Sub-group (r288, ..., r292) (r293, ..., r297) (r298, ..., r302) (r303, ..., r307)
εk 0.0013 0.0020 0.0016 0.0006

ε̃ 0.0323
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Figure 5-5: Estimated expected interest rates (blue line) vs market rates (green line)
after segmentation with non-central Chi-square distribution for a data sample of
n = 308 weekly EUR interest rates with maturity T = 30/360A from Dataset I in
Table A.2.

5.3.1 Forecasting expected interest rates

In this section we apply the proposed numerical procedure to forecast future ex-

pected values of market interest rates. We �rst consider a window of �xed size m

of market interest rates that is rolled through time, each time adding a new rate

and taking o� the oldest one. The length of this window is the historical period

over which we forecast the next expected spot rate value. It is worth noting that in

case of large datasets, as with weekly observations, the methodology herein proposed

necessarily requires that rolling windows of variable size should be used. Thus, the

step of the procedure relative to the dataset partition, described in Sections 5.2.1,

is modi�ed as follows. Fixed the initial length m of the historical data sample, say

(r1+h, . . . , rm+h), h = 0, 1, 2, ..., the Lilliefors or the Kolmogorov-Smirnov test is car-

ried out starting from the last observed rate rm+h and then moving backward in the

sample up to detect the smaller interest rate value rm+h−s (s = 1, . . . ,m − 1), such

that the sub-goup (rm+h−s, . . . , rm+h) has Normal or non-central Chi-square distribu-
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tion. The value rm+h−s denotes the change point setting the window of latest interest

rates, say (rm+h−s, . . . , rm+h), which is taken into account to calibrate the parameters

of the Vasicek/CIR model and forecast the next expected interest rate value rm+h+1

(the past interest rate values (r1+h, . . . rm+h−s−1) are disregarded). Clearly, when the

historical period is rolled through time, the size of the window over which to forecast

a future rate may be variable since it depends on the detected change point.

We applied the modi�ed numerical procedure to forecast expected future next-

week interest rates. To explain our idea we refer to the �rst data sample considered

in the previous section (n = 308 weekly observed EUR interest rates with maturity

T = 30Y). The initial size of the historical data sample was �xed to m = 52 weeks.

Steps 1-5 of the numerical procedure were applied to the historical market interest

rates. Note that the calibration of the Vasicek/CIR model parameters with sub-

groups of size smaller than 12 is not always possible when the optimal estimating

function method mentioned in Section 5.2.3 is applied (see Remark 5.1). In this case

two adjacent sub-groups are joined together. The sequence of forecast next-week

expected values computed by formula (5.5) for both Vasicek and CIR models, has

been compared with the sequence of future rates computed by the Exponentially

Weighted Moving Average (EWMA) by considering a rolling window of �xed size

m = 52 weeks. The EWMA is a weighting scheme to estimate future values averaging

on historical data with weights that decrease exponentially at a rate λ throughout

as the observations are far in the past (the reader can refer, for example, to Hull

(Hull, 2012, Ch.II). The EWMA has been shown to be powerful for prediction over

a short horizon and track closely the volatility as it changes. Indeed recent interest

rates movement is the best predictor of future movement as it is not conditioned on

a mean level of volatility. The forecasted sequences are plotted in Figure 5-6. The

proposed numerical procedure clearly shows a better performance with respect to
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the EWMA model.
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Figure 5-6: Forecast of expected next-week interest rates based on a rolling win-
dow of variable size: sequence of n = 308 weekly EUR interest rates with maturity
T=30Y (green line); CIR forecasted expected interest rates (blue dashed line); Va-
sicek forecasted expected interest rates (red dashed line); EWMA predicted values
(yellow dashed line).

Moreover, an error analysis to all data samples (63 maturities) available from

Dataset I and II in Table A.2 has been carried out. Figure 5-7 compares the corre-

sponding RMSE values computed by applying our numerical algorithm to the Vasicek

and CIR model with the ones computed by the EWMA model. The initial size of the

historical data sample was �xed tom = 52 weeks (the vertical black line di�erentiates

samples of Dataset I from samples of Dataset II). In this case, too, a better perfor-

mance of our procedure with respect to the EWMA model is con�rmed. Further,

the modi�ed procedure to make predictions based on rolling windows of variable size

highlights an improvement in forecast when a partition with non-central Chi-square

distribution (CIR model) is considered.
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Figure 5-7: Error analysis in the forecast procedure of future next-week expected in-
terest rates across 63 maturities. RMSE values computed by the proposed numerical
procedure based on a rolling window of variable size: CIR model (blu line), Vasicek
model (red line). RMSE values computed by the EWMA model (yellow line) based
on a rolling window of �xed size m = 52 weeks. The vertical black line di�erentiates
samples of Dataset I from samples of Dataset II in Table A.2.

5.4 Conclusions

In this Chapter, we have presented a new methodology for using both the Vasicek

and the CIR model in order to forecast interest rates that works even when interest

rates are negative. To achieve that objective, we have proposed a numerical proce-

dure partitioning the selected data sample according to the best �tting of a Normal

or a non-central Chi-square distribution. These distributions were chosen by analogy

with the steady (resp. conditional) distribution of the interest rate process in the

Vasicek (resp. CIR) model. Where the �rst was taken when the steady distribution

of the interest rate process is modelled with Vasicek and the second when the condi-

tional distribution of the said process is represented by the CIR model.After having

partitioned the sample of observed market data, the Vasicek/CIR model's parame-

ters are calibrated to each sub-sample of market spot rates and the corresponding
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expected interest rates are estimated by the conditional expectation closed formula

of both models. We have, also, included in the procedure a step concerning an appro-

priate translation of market interest rates to positive values in order to overcome the

issue of negative/near-to-zero values which are not compatible with the CIR model.

Finally, we have analyzed the empirical performance of the proposed methodology

for two di�erent weekly recorded EUR data samples in a money market and a long-

term dataset, respectively. Better results are shown in terms of the RMSE when a

segmentation of the data sample in non-central Chi-square distributed sub-samples

is considered. After assessing the accuracy of our procedure, we have applied the

implemented algorithm to forecast future expected interest rates over rolling win-

dows of historical data with variable size. The performance of the new approach,

tested on weekly rates with di�erent maturities, has been carried out for both Va-

sicek and CIR model, and compared with the EWMA model in terms of forecasting

error. The error analysis highlighted a better performance of the proposed procedure

with respect to EWMA model and better results in prediction when a partition of

the historical data sample in non-central Chi-square distributed sub-samples (CIR

model) is considered.

In next Chapter 6 we will present our �ndings of the CIR# by considering a

dataset composed of money market interest rates during turmoil and calmer periods,

we show how the CIR# performs in terms of directionality of rates and forecasting

error. Testing and validation is performed on had hoc data with di�erent metrics

and clustering criteria to con�rm the analysis.
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Chapter 6

The CIR# model: real data versus

test data

6.1 Introduction

This Chapter expands on previous research [122, 123, 124] where we have provided

a new accessible methodology to forecast future interest rates that we have called

CIR#. In this introduction we are not going to mention all details of the CIR# model

but we will recall the most important characteristics. Above all we mention that,

in order to preserve its analytical tractability and simplicity of single-factor model,

the CIR# has been designed in a way that the improvements are obtained within

the original CIR framework. Apart from turning a short rate model model used for

pricing into a forecasting tool, the novelty consists in an appropriate partitioning of

the dataset into sub-groups. Besides the papers already mentioned [122, 123, 124],

in Orlando et al. [125], we have shown that an appropriate partitioning of data

enables us to capture statistically signi�cant time changes in volatility of interest
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rates. This, in turn, implies modelling sudden changes/jumps in data. To solve the

issue of negative/near-to-zero interest rates, as others did [25], we contemplate an

opportune shift of interest rates to positive values. Another feature of the CIR#

model is the calibration of parameters to actual data. With regard to the latter, in

our framework the random part of the numerical simulation scheme is driven not by

a standard Brownian motion but by the Gaussian residuals of an �optimal" ARIMA

model appropriately chosen. Thanks to that we get an exact trajectory of CIR

�tted values which replaces the usual Monte Carlo averaged over 100,000 simulated

trajectories, thus reducing considerably the computational cost of the estimating

procedure.

For the reasons above-mentioned we are not considering other models available

in literature for the simple reason that they belong to di�erent classes (e.g. multi-

factor models). In this Chapter we compare the CIR# model versus real data, the

EWMA and an improved version traditional CIR model that we call CIRadj. To

level the playing �eld, the latter comparison is performed by using the same data

(in terms of shifting and partitioning). The performance of both models has been

tested on monthly money market interest rates ranging from 1 day to 12 months over

EUR, USD, JPY and CHF currencies. The dataset includes both turmoil and calm

periods on which we compute the predictive power in terms of directionality of rates

and error.

The remainder of the Chapter is organized as follows. Section 6.2 presents the

numerical procedure in full detail and tests the goodness-of-�t of the new method-

ology to real market data. Section 6.3 describes how forecasts can be tested and

validated. Finally, Section 6.4 concludes.
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6.2 Results

In this section �rstly we are going to show the results over the full dataset reported

in Appendix A.2 and, secondly, we will focus on turbulent periods where volatility

is above the median.

6.2.1 Forecasting accuracy

In order to check whether our forecasts are closely matching the data, we use a

measure of the amplitude of the error and an indicator of the direction of the interest

rate dynamics. The �rst is quanti�ed by the root mean squared error (RMSE) and

its related normalized version (NRMSE), while the second is given by the so-called

directional �success" criterion.

Root mean square error

The root mean squared error (RMSE) is a measure of the closeness between the

observed data and the predicted values from a given model. Hence, it represents the

accuracy of the model in terms of goodness of �t. It is de�ned as follows

RMSE =

√√√√ 1

n

n∑
h=1

e2h, (6.1)

where eh denote the residuals between the observed data and their predictions, over

n times. Hence, a value of 0 (almost never achieved in practice) indicates a perfect

�t to the data, and a value lower than 1 represents a good result. We note that

the RMSE depends on the scale of observed data, thus it is sensitive to the outliers;

however, larger errors have a disproportionately large e�ect. For that reason, and
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to facilitate the comparison between data, we adopt the so-called normalized root

mean squared error (NRMSE):

NRMSE =
RMSE

rmax − rmin

, (6.2)

where rmax denotes the maximum value and rmin the minimum value of the observed

sample data.

Directionality of forecasting

In order to understand whether the forecast predicts correctly a rise or a drop of

interest rates, we introduce the index of directionality (IDX). Let us denote rt as the

interest rate at time t and the corresponding forecast as rft . We de�ne the variable

αt+1 := rt+1 − rt as the di�erence between two consecutive interest rates, and the

variable βt+1 := rft+1 − rt as the di�erence between the forecast at time t+1 and the

actual interest rates at time t. Further, we consider the indicator variable H(t + 1)

assuming only the values 0, 1 as follows
H(t+ 1) = 1 if sgn(αt+1) = sgn(βt+1)

H(t+ 1) = 0 if sgn(αt+1) ̸= sgn(βt+1).

We attribute the term of forecast �success" (in sign) when H(t + 1) = 1. Therefore

the index IDX is de�ned as an average of the H(t + 1) values on the number of

forecasts over a time series of length T that is,

IDX =
1

T − 1

T−1∑
t=1

H(t+ 1). (6.3)
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IDX indicates the percentage of correct predictions of interest rate directionality.

6.2.2 Forecasting results over the whole dataset

Let us start by plotting the performances versus the forecasts for all the four con-

sidered currencies. In Figure 6-1 we show that the forecasts closely follow the occur-

rences and they are not spread out.

(a) EUR overnight. Plot of the realized interest rate oc-
currence versus the forecasted value.

(b) USD overnight. Plot of the realized interest rate oc-
currence versus the forecasted value.

(c) JPY overnight. Plot of the realized interest rate oc-
currence versus the forecasted value.

(d) CHF overnight. Plot of the realized interest rate oc-
currence versus the forecasted value.

Figure 6-1: Multiple comparisons for the overnight interest rate occurrences across
currencies versus their corresponding forecasts.
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We supplement this visual analysis by considering the Bland�Altman plot (also

called di�erence plot) which is a very popular tool in medicine and chemistry to

analyse the agreement between two di�erent methods [3], [18]. What inspired Bland

and Altman was the need to know how much the outcomes of a method di�er from

another to be considered equivalent 1 . In our case, as the real data overlap with

forecasts, we want to investigate the said agreement more clearly. Figure 6-2 [137]

shows the agreement between real data and forecasts. Based on this analysis it is

possible to con�rm the good agreement between data and forecasts as the maximum

number of outliers is 0.885% (=9/113).

After having concluded the graphical analysis, we introduce the results based on

the more traditional analysis consisting of the results obtained with the Normalized

Root Mean Square Error (NRMSE). In Tables 6.2, 6.3, 6.4 we compare the fore-

casting error (NRMSE) and the directionality of forecasting (IDX) for the EWMA,

CIRadj, CIR#. We have included the EWMA because it is a basic version of the

Autoregressive Conditional Heteroscedasticity (ARCH) model, which is a common

tool for forecasting time-varying �nancial data and a simple benchmark whenever no

structure in data is assumed. The results show that, generally, the CIR# performs

better over the whole dataset.

1In this instance we prefer the Bland-Altman plot to the well-known Tukey mean di�erence for
a number of reasons: a) The �rst is based on the data while the second is based on its quantiles; b)
In our case we have paired data as assumed by the Bland-Altman plot, the Tukey mean di�erence
plot, instead, applies to either paired or unpaired data; c) While the Tukey mean di�erence plot
answers the question of whether the variables have the same underlying distribution, the Bland-
Altman answers the question on the di�erences between the pairs (which is more relevant as we
want to know whether there is a systematic bias between real data and CIR# forecasts)
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Table 6.1: Averaged NRMSE and IDX for the dataset in Table A.3.

EUR USD JPY

CIR# CIRadj EWMA CIR# CIRadj EWMA CIR# CIRadj EWMA

NRMSE 3.47% 5.57% 11.41% 9.15% 13.60% 14.86% 5.31% 10.56% 9.41%

IDX 71.11% 65.60% 28.85% 62.77% 63.93% 38.55% 75.62% 70.39% 41.54%

Table 6.2: Averaged NRMSE and IDX for the dataset in Table A.3.

EUR USD JPY CHF

CIR# CIRadj EWMA CIR# CIRadj EWMA CIR# CIRadj EWMA CIR# CIRadj EWMA

Averages

NRMSE 3.47% 5.57% 11.41% 9.15% 13.60% 14.86% 5.31% 10.56% 9.41% 8.26% 24.06% 11.54%

IDX 71.11% 65.60% 28.85% 62.77% 63.93% 38.55% 75.62% 70.39% 41.54% 53.38% 63.12% 57.51%

Results averaged over the six maturities .

Table 6.3: NRMSE for di�erent models, tenors and currencies

EUR

EE00O/N EE0001M EE0002M EE0003M EE0006M EE0012M

CIR # 5.14% 3.63% 3.56% 3.05% 2.71% 2.77%
CIRadj 10.94% 5.39% 4.87% 4.39% 4.18% 3.64%
EWMA 11.54% 11.77% 11.61% 11.50% 11.11% 10.95%

USD

US00O/N US0001M US0002M US0003M US0006M US0012M

CIR# 7.88% 8.71% 8.53% 14.06% 7.83% 7.90%
CIRadj 10.98% 28.15% 16.48% 10.98% 7.60% 7.75%
EWMA 15.69% 14.85% 15.07% 15.69% 14.32% 13.55%

JPY

JY00S/N JY0001M JY0002M JY0003M JY0006M JY0012M

CIR# 8.66% 5.20% 5.37% 4.85% 3.92% 3.88%
CIRadj 13.55% 11.65% 9.26% 16.64% 6.82% 5.47%
EWMA 9.46% 9.82% 9.91% 9.60% 9.11% 8.56%

CHF

CH00S/N CH0001M CH0002M CH0003M CH0006M CH0012M

CIR# 9.29% 9.19% 8.53% 8.51% 7.51% 6.56%
CIRadj 8.96% 16.80% 14.15% 12.59% 65.21% 26.73%
EWMA 12.47% 12.23% 12.11% 12.00% 10.95% 9.52%
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Table 6.4: IDX for di�erent models, tenors and currencies

EUR

EE00O/N EE0001M EE0002M EE0003M EE0006M EE0012M

CIR # 66.67% 71.67% 75.00% 75.00% 68.33% 70.00%
CIRadj 53.73% 68.65% 65.67% 68.65% 65.67% 71.64%
EWMA 38.80% 28.35% 25.37% 29.85% 25.37% 25.37%

USD

US00O/N US0001M US0002M US0003M US0006M US0012M

CIR # 60.00% 58.33% 58.33% 66.67% 60.00% 73.33%
CIRadj 73.13% 49.25% 50.74% 73.13% 71.64% 65.67%
EWMA 47.76% 40.29% 32.83% 47.76% 26.86% 35.82%

JPY

JY00S/N JY0001M JY0002M JY0003M JY0006M JY0012M

CIR # 67.16% 71.64% 74.62% 70.14% 86.56% 83.58%
CIRadj 64.17% 77.61% 65.67% 65.67% 77.61% 71.64%
EWMA 56.71% 38.80% 47.76% 47.76% 26.86% 31.34%

CHF

CH00S/N CH0001M JY0002M CH0003M CH0006M CH0012M

CIR # 53.09% 53.09% 57.52% 52.21% 51.32% 53.09%
CIRadj 69.02% 66.37% 61.06% 67.25% 59.29% 55.75%
EWMA 61.06% 56.63% 61.06% 61.06% 52.21% 53.09%
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(a) EUR overnight. Over 113 data points outliers are 9
(out of which only 5 outside LoA con�dence level).

(b) USD overnight. Over 113 data points outliers are 9
(out of which only 6 outside LoA con�dence level).

(c) JPY overnight. Over 113 data points outliers are 5
(all of them outside LoA con�dence level).

(d) CHF overnight. Over 113 data points outliers are 2
(none of them outside LoA con�dence level).

Figure 6-2: Bland-Altman plot. Multiple comparisons for the overnight interest
rates occurrences across currencies versus their corresponding forecasts. Maximum
number of outliers are 0.885%.

6.2.3 Forecasting results in turbulent periods

As mentioned, through our procedure we can identify clusters of volatility. In Section

6.2.2 we have shown the averaged performance over the whole dataset (Table 6.2) and

for each currency (Tables 6.3, 6.4). In this Section we illustrate how the CIR# model
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performs when volatility is high and forecasts are more challenging. This corresponds

to considering the overnight (as it is the most exposed to market sentiment), which we

have partitioned into clusters of volatility. Then, for each currency, we have selected

the two clusters with higher volatility. Table 6.5 compares the forecasting error and

the index of directionality for the EWMA, CIRadj, CIR#. Note that the volatility

ratio shows the volatility of the cluster over the median volatility recorded on the

whole dataset for the selected currency. As displayed the CIR# performs better in

any situation. To understand how the CIR# �ts the overnight, for each currency,

in Fig. 6-3 we display the evolution of market interest rates, the partitioning into

clusters (vertical bars) and the CIRadj taken as a benchmark. The di�erence in

absolute value between the prediction errors of CIR# and CIRadj is also shown.

Table 6.5: NRMSE and IDX in turbulent periods for the CIR#, CIRadj and EWMA
over overnight maturities and di�erent currencies

EUR USD JPY CHF

Cluster 1-13 39-52 3-8 28-33 49-54 62-68 12-19 29-60

Volatility ratio
7.63%

10.00%

18.33%

10.00%

4.07%

1.26%

1.60%

1.26%

0.83%

0.49%

3.35%

0.49%

3.5%

1.22%

23.63%

1.22%

NRMSE CIR# 72.70% 24.80% 27.90% 16.10% 50.00% 38.46% 54.31% 16.73%
NRMSE CIRadj 72.70% 26.50% 43.50% 25.50% 67.10% 81.00% 67.46% 27.80%
NRMSE EWMA 54.50% 27.32% 61.40% 49.2% 56.30% 52.80% 98.12% 26.78%

IDX CIR# 36.30% 76.9% 100.00% 100.00% 80.00% 83.30% 66.67% 66.57%
IDX CIRadj 35.30% 53.84% 80.00% 80.00% 60.00% 83.30% 66.65% 64.28%
IDX EWMA 36.60% 30.70% 40.00% 20.00% 60.00% 66.66% 64.28% 51.42%
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(a) EUR overnight. On the left y-axis EUR interest rates. On the right y-axis the di�erence in absolute value
between the prediction errors of CIRadj and CIR#.

(b) USD overnight. On the left y-axis USD interest rates. On the right y-axis the di�erence in absolute value
between the prediction errors of CIRadj and CIR#.

(c) JPY overnight. On the left y-axis JPY interest rates. On the right y-axis the di�erence in absolute value between
the prediction errors of CIRadj and CIR#.

(d) CHF overnight. On the left y-axis CHF interest rates. On the right y-axis the di�erence in absolute value
between the prediction errors of CIRadj and CIR#.

Figure 6-3: Multiple comparisons for the overnight interest rates across currencies.
Vertical lines identify cluster of volatilities partitioning the sample data in subgroups.



6.2.4 Correlations between forecasts and real data

In this Section, in Tables 6.6, 6.8, 6.10 and 6.12, we report the correlation results

obtained with Kendall rank correlation 2 between real data and forecasts. The al-

ternative hypothesis, against which p-values are computed, is of no correlation (see

Tables 6.7, 6.9, 6.11 and 6.13).

Notice that we obtained similar results with Spearman's rank correlation but for

reason of space we do not report them.

Table 6.6: EUR Kendall correlations

Real time series
EUR1 EUR2 EUR3 EUR4 EUR5 EUR6

F
o
re
ca
st
s

ForEUR1 0.898198 0.864369 0.840025 0.828644 0.847929 0.847613
ForEUR2 0.876561 0.888257 0.881618 0.882883 0.889521 0.884780
ForEUR3 0.830896 0.862203 0.915962 0.925449 0.914064 0.910902
ForEUR4 0.812871 0.844494 0.909321 0.927979 0.912167 0.908689
ForEUR5 0.840341 0.858046 0.887765 0.896617 0.932343 0.942144
ForEUR6 0.816817 0.842105 0.885096 0.891102 0.930299 0.945788

Table 6.7: EUR Kendall p-values

Real time series
EUR1 EUR2 EUR3 EUR4 EUR5 EUR6

F
o
re
ca
st
s

ForEUR1 3.99E-45 6.41E-42 1.09E-39 1.15E-38 2.09E-40 2.24E-40
ForEUR2 4.50E-43 3.49E-44 1.50E-43 1.13E-43 2.64E-44 7.49E-44
ForEUR3 7.52E-39 1.06E-41 7.74E-47 8.92E-48 1.19E-46 2.43E-46
ForEUR4 2.95E-37 4.48E-40 3.47E-46 5.00E-48 1.83E-46 4.00E-46
ForEUR5 1.02E-39 2.47E-41 4.01E-44 5.67E-45 1.74E-48 1.79E-49
ForEUR6 1.25E-37 6.90E-40 6.99E-44 1.86E-44 2.70E-48 7.41E-50

2The choice is because rank correlation assesses monotonic relationships, whilst Pearson's cor-
relation is sensitive only to linear relationships.
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Table 6.8: USD Kendall correlations

Real time series
USD1 USD2 USD3 USD4 USD5 USD6

F
o
re
ca
st
s

ForUSD1 0.888994 0.876977 0.832068 0.733397 0.807084 0.794434
ForUSD2 0.870514 0.913202 0.886957 0.745613 0.859447 0.843320
ForUSD3 0.835151 0.886992 0.915758 0.761814 0.891418 0.880354
ForUSD4 0.797123 0.849917 0.893543 0.762981 0.901446 0.894491
ForUSD5 0.797724 0.853034 0.892541 0.764855 0.916245 0.914981
ForUSD6 0.787515 0.839984 0.879494 0.750849 0.909522 0.922797

Table 6.9: USD Kendall p-values

Real time series
USD1 USD2 USD3 USD4 USD5 USD6

F
o
re
ca
st
s

ForUSD1 3.24E-44 4.48E-43 5.98E-39 1.23E-30 9.54E-37 1.17E-35
ForUSD2 1.76E-42 1.42E-46 4.93E-44 1.28E-31 1.89E-41 5.65E-40
ForUSD3 2.93E-39 4.61E-44 7.50E-47 5.93E-33 1.74E-44 1.97E-43
ForUSD4 6.51E-36 1.36E-40 1.10E-44 4.81E-33 1.91E-45 8.94E-45
ForUSD5 5.57E-36 6.77E-41 1.32E-44 3.26E-33 6.50E-47 8.66E-47
ForUSD6 4.20E-35 1.06E-39 2.34E-43 4.59E-32 3.02E-46 1.49E-47

Table 6.10: JPY Kendall correlations

Real time series
JPY1 JPY2 JPY3 JPY4 JPY5 JPY6

F
o
re
ca
st
s

ForJPY1 0.850634 0.837342 0.823735 0.810033 0.781963 0.772469
ForJPY2 0.858410 0.863476 0.872340 0.859270 0.811873 0.784963
ForJPY3 0.859633 0.838415 0.865016 0.861759 0.809597 0.786796
ForJPY4 0.850535 0.861313 0.872725 0.885000 0.828978 0.796960
ForJPY5 0.776996 0.783958 0.785540 0.797469 0.861483 0.862749
ForJPY6 0.782279 0.772785 0.785760 0.788829 0.864241 0.886393

123



Table 6.11: JPY Kendall p-values

Real time series
JPY1 JPY2 JPY3 JPY4 JPY5 JPY6

F
o
re
ca
st
s

ForJPY1 1.40E-40 2.24E-39 3.66E-38 5.91E-37 1.47E-34 9.13E-34
ForJPY2 2.87E-41 9.78E-42 1.46E-42 2.43E-41 4.27E-37 8.66E-35
ForJPY3 2.35E-41 2.01E-39 7.48E-42 1.52E-41 7.10E-37 6.38E-35
ForJPY4 1.88E-40 1.94E-41 1.69E-42 1.20E-43 1.63E-38 1.00E-35
ForJPY5 3.79E-34 9.86E-35 7.25E-35 7.09E-36 1.38E-41 1.06E-41
ForJPY6 1.38E-34 8.57E-34 7.02E-35 3.90E-35 7.77E-42 6.44E-44

Table 6.12: CHF Kendall correlations

Real time series
CHF1 CHF2 CHF3 CHF4 CHF5 CHF6

F
o
re
ca
st
s

ForCHF1 0.659276 0.604152 0.549661 0.551562 0.569303 0.591796
ForCHF2 0.691701 0.673323 0.667619 0.668887 0.660965 0.692017
ForCHF3 0.690049 0.668470 0.744631 0.735111 0.721783 0.726226
ForCHF4 0.650816 0.650182 0.725014 0.758942 0.705037 0.757356
ForCHF5 0.695040 0.673840 0.700103 0.723203 0.744087 0.743771
ForCHF6 0.644845 0.675838 0.689121 0.732764 0.716003 0.814042

Table 6.13: CHF Kendall p-values

Real time series
CHF1 CHF2 CHF3 CHF4 CHF5 CHF6

F
o
re
ca
st
s

ForCHF1 5.38E-25 3.01E-21 7.39E-18 5.70E-18 4.82E-19 1.88E-20
ForCHF2 2.42E-27 5.38E-26 1.39E-25 1.12E-25 4.14E-25 2.29E-27
ForCHF3 3.77E-27 1.40E-25 2.42E-31 1.37E-30 1.50E-29 6.80E-30
ForCHF4 2.31E-24 2.55E-24 7.70E-30 1.54E-32 2.62E-28 2.08E-32
ForCHF5 1.17E-27 4.28E-26 4.88E-28 8.29E-30 1.86E-31 1.97E-31
ForCHF6 4.66E-24 2.89E-26 3.04E-27 1.38E-30 2.80E-29 2.36E-37
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6.3 Testing and validation

In this Section, the basic question we want to answer is how our forecasts di�er from

original time series, purely random data and noise? For the reason of space, we show

the analysis on the EUR Overnight but we got similar results for all considered time

series.

6.3.1 Results on test data

This analysis is carried out with R on data described in Section A.2 and the purpose

of creating that data is the following: is the analysis we intend to run valid and

consistent? If yes, time series 1 (EUR1) a 5 (a copy of EUR1) should be identical

while time series 1 and 2 (random) should be unrelated. After having passed that

check, the next question is: does time series 6 (EUR1 forecast) look similar to time

series 1 or it does resemble more 2 or 3 (EUR1 + noise)?

Apart from the classical instruments described in Section 6.2.1 for testing the

goodness of �t, and the correlation in Section 6.2.4, we measure the distance between

data with several metrics. We start with the default Euclidean distance and complete

clustering [157]. Figure 6-4 shows that there is no di�erence between EUR1 and its

copy and that the next similarity is with the forecasts. Noise and random series are

correctly grouped together and the EUR1 changed of the sign is left alone.

Now we want to understand whether the metric or the clustering criterion may

in�uence the results. In particular, we adopt the Manhattan distance and we comple-

ment our clustering analysis with Ward's criterion (also known as Ward's minimum

variance method) [156] [60]. As expected Figure 6-5 shows that the EUR1 times

series and its copy are identical (which con�rms that the analysis is able to correctly

identify this feature). The forecasts follow immediately after. Noise and random are
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Figure 6-4: EUR overnight and test data. Euclidean distance and dendrogram based on complete clustering
criterion.

recognized as similar and they group with the EUR1 changed sign time series.

A generalization of both the Euclidean and the Manhattan distance is the Minkowski

distance [77], [11], [144]. Fig. 6-6 shows similar results to those already presented.
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Figure 6-5: EUR overnight and test data. Manhattan distance and dendrogram based on Ward's criterion.

Hence, we can conclude that our model both spatially and hierarchy is very close to

reality and, so, �ts well with the intended purposes.
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Figure 6-6: EUR overnight and test data. Minkowski distance and dendrogram based on Ward's criterion.
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6.4 Conclusions

Several di�erent extensions of the original model have been proposed to date, with

the aim of overcoming the limitations of the CIR model: from one-factor models in-

cluding time-varying coe�cients or jump di�usions to multi-factor models. All these

extensions preserve the positivity of interest rates but, in some cases, the analytical

tractability of the basic model is violated. Moreover, often, those extensions are not

suited for modelling both periods of high volatility and negative rates. In this work,

we have shown that the CIR# model, instead, while preserving those features, is

capable of coping with negative interest rates, cluster volatility and jumps. This

has been tested on money market interest rates during turmoil and calmer peri-

ods, by measuring the directionality of rates as well as the forecasting error. Rank

correlation and related p-values witness a link between real data and out-of-sample

forecasts. Besides that, we have shown how the results of the model could be tested

and validated with several metrics and clustering criteria.

Being this a Thesis carried out at the Wroclaw University of Economics and

Business, to complete the analysis, in next Chapter 7 we compare the predictive

power in the forecasting of the CIR# versus the so-called CIRadj, the single factor

Hull and White model and the EWMA which is often considered when no model is

assumed.
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Chapter 7

The predictive power of the CIR#

model: An empirical analysis on

Polish Zloty interest rates

The present Chapter has the objective of comparing the predictive power in the

forecasting of the CIR# versus the so-called CIRadj, the single factor Hull and White

model and the EWMA which is often considered when no model is assumed. To this

end, we retrieved several time series with di�erent tenors (from overnight to 1 year)

and frequency (daily and weekly data) and applied a number of analyses (NRMSE,

MAPE, directionality of forecasting and Tukey's Honestly Signi�cant Di�erence).

7.1 Results on Polish interest rates (all tenors)

Real market data consists of Polish Zloty (PLN) interest rates from 1995-01-02 to

2021-02-05, weekly sampled, for the following tenors: Overnight, 1 Week, 1 Month,
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3 Months, 6 Months, 1 Year.

Let us start by plotting the yields versus the forecasts for the overnight, 1 month,

3 months and 1 year tenor. In Figure 7-1 we show that the forecasts closely follow

the realizations and they are not spread out.

(a) PLN overnight. Plot of the realized interest rate oc-
currence versus the forecasted value

(b) 1 month PLN interest rate. Plot of the realized inter-
est rate occurrence versus the forecasted value

(c) 3 months PLN interest rate. Plot of the realized in-
terest rate occurrence versus the forecasted value.

(d) 1 year PLN interest rate. Plot of the realized interest
rate occurrence versus the forecasted value.

Figure 7-1: Multiple comparisons for the Polish interest rates occurrences tenors
versus their corresponding forecasts.

Next, Fig. 7-2 displays market data while compares the Fig. 7-3 the CIR#

forecasts versus the CIRadj, EWMA and Hull and White (HW). As shown, the CIR#

is the most accurate. To con�rm that, Table 7.1 compares the CIR# versus the

baseline models i.e. CIRadj, EWMA and Hull and White (HW). As discussed, we are
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interested in forecasting error (MAPE), accuracy error (NRMSE), and directionality

error (IDX). For all tenors and from every point of view, the CIR# performs way

better than the considered benchmarks.

100 200 300 400 500 600 700 800 900

t (weeks)
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1Y

Figure 7-2: Real market data - Polish Zloty (PLN) interest rates.

Last but not least, we performed Tukey's honestly signi�cant di�erence proce-

dure which is optimal when samples are of the same size and for balanced one-way

ANOVA. When samples are of di�erent sizes it is a conservative one-way ANOVA.

According to the unproven Tukey-Kramer conjecture, it is also accurate for problems

where the quantities being compared are correlated [88]. Table 7.2 reports the p-

values obtained by comparing the models under consideration with the real data. As

shown, while there is no evidence that the mean responses for the CIR# and CIRadj

are di�erent from real data, one cannot say the same for the Hull and White model.
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Figure 7-3: CIR# forecasts for the Overnight - Polish Zloty (PLN)- versus the base-
line models.
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Table 7.1: Forecasting accuracy: CIR# vs. CIRadj, EWMA and HW

Err. Measure Tenor CIR# CIRadj EWMA HW
MAPE

Overnight
0.0409 0.0757 0.2172 0.0856

NRMSE 0.0168 0.0266 0.0856 0.0281
IDX 72.14% 56.95% 54.69% 59.63%

MAPE
1 Week

0.0519 0.0920 0.2187 0.1053
NRMSE 0.0205 0.0280 0.0872 0.0284
IDX 67.68% 58.97% 55.93% 57.01%

MAPE
1 Month

0.0409 0.0757 0.2172 0.0856
NRMSE 0.0168 0.0266 0.0856 0.0281
IDX 72.14% 59.63% 54.95% 56.69%

MAPE
3 Months

0.0401 0.0777 0.2139 0.0820
NRMSE 0.0288 0.0331 0.0847 0.0275
IDX 73.99% 59.63% 57.12% 58.10%

MAPE
6 Months

0.0405 0.0700 0.2140 0.0801
NRMSE 0.0169 0.0254 0.0843 0.0279
IDX 79.32% 67.57% 56.58% 59.84%

MAPE
1 Year

0.0415 0.0708 0.2143 0.0812
NRMSE 0.0172 0.0256 0.0843 0.0281
IDX 78.99% 68.00% 56.47% 59.95%

Table 7.2: Tukey's Honestly Signi�cant Di�erence: CIR# CIRadj, and HW vs. real
data

p-values

Tenor CIR# CIRadj HW

Overnight 0.60432 0.62882 0.00003
1 Week 0.70499 0.62817 0.00003
1 Month 0.60432 0.62882 0.00003
3 Months 0.90816 0.57571 0.00002
6 Months 0.50936 0.61708 0.00002
1 Year 0.49922 0.62167 0.00002
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7.2 Results on 3-month Polish Zloty

In this Section we take a closer look at the 3-month Polish Zloty depicted in Fig.

7-4 and we compare the results obtained with the CIR# versus the CIRadj and the

single factor Hull and White model.

Figure 7-4: Polish Zloty 3-month daily interest rates

7.2.1 Results on daily data

Out of sample forecasts are displayed in and Fig. 7-5 and Fig. 7-6. As shown,

the CIR# anticipates future rates much better than its peers and, as demonstrated

through the present work, this is consistent across currencies, sampling frequencies

and periods.
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Figure 7-5: Out of sample forecasts of the CIR# versus CIRadj and the single factor
Hull and White model. Time series: Polish Zloty 3-month daily interest rates.

Figure 7-6: Zoomed-in �gure: out of sample forecasts of the CIR# versus CIRadj

and the single factor Hull and White model. Time series: Polish Zloty 3-month
interest rate, daily data.
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Table 7.5 shows the results in terms of RMSE for the 3 models. As anticipated

the CIR# has the lower value immediately followed by the CIR_adj. The Hull and

White single factor model has the worse performance.

Table 7.3: RMSE for the three considered models - daily data

CIR# CIRadj Hull-White

RMSE 0.070% 0.263% 2.130%
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7.2.2 Results on weekly data

From the same dataset aforementioned we extracted weekly observations. Fig. 7-7

shows a comparison between out of sample forecasts of the CIR#, the CIRadj and

the Hull and White model.

Figure 7-7: Out of sample forecasts of the CIR# versus CIRadj and the single factor
Hull and White model. Time series: Polish Zloty 3-month interest rate, weekly data.

Tables 7.4, 7.5 and 7.6 report the IDX (see Eq. (6.3)), the RMSE and the MAPE

for the three models, respectively. As in data, there are more volatile and less volatile

periods, we divided the dataset into two parts so that the above-mentioned statistics

describe how well a model performs in each period.
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Table 7.4: IDX for the three considered models - weekly data

IDX

CIR# CIRadj Hull-White

All dataset 83.449% 65.046% 59.954%
First half 75.870% 52.900% 47.100%
Second half 91.183% 77.262% 72.622%

Table 7.5: RMSE for the three considered models - weekly data

RMSE

CIR# CIRadj Hull-White

All dataset 0.305% 0.741% 2.098%
First half 0.422% 1.018% 2.890%
Second half 0.090% 0.243% 0.666%

Table 7.6: MAPE for the three considered models - weekly data

MAPE

CIR# CIRadj Hull-White

All dataset 1.888% 6.472% 20.392%
First half 2.214% 7.322% 20.053%
Second half 1.562% 5.621% 20.732%
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Conclusions

In this Thesis, we walked through the basics of interest rates, from the role played by

central banks to the factors determining their �uctuations. Then we have described

the mathematical framework in which interest rates models are derived. After having

provided an inventory of interest rates models we focussed on three popular single

factor models i.e. Vasicek, CIR and Hull-White models.

That introduced us to our original contribution in the �eld that we have called

CIR# because it is an adaptation of the model developed by Cox, Ingersoll & Ross

in 1985 [46].

Goal and scienti�c hypotheses

As mentioned in the introduction the goal of this Thesis is to provide a new accessible

methodology to forecast future interest rates where all the improvements are obtained

within the CIR framework in order to preserve the single-factor simplicity and the

analytical tractability of the original model.

The goal has been achieved thanks to a suitable partition of data where the CIR

parameters have been calibrated by replacing the Wiener process in the random term

of the CIR model with normally distributed standardized residuals (which are the
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proceeds of an �optimal" ARIMA model suitably chosen in our procedure). The pro-

posed procedure captures all the statistically signi�cant time changes in the volatility

of interest rates, thus giving an account of jumps and related market dynamics.

The scienti�c hypothesis is that the so-called CIR# outperforms other single

factor models and that the new approach proves particularly useful in describing

the term structure of interest rates post 2007 �nancial crisis. In fact, as shown

through the Thesis, the CIR# is superior to other single-factor models and overcomes

the inability of modelling negative/near-to-zero values and the issue of the built-

in mechanism of dampening volatility when rates are low. Moreover, it provides

an alternative to Monte Carlo for deriving the expected value of interest rates as

the suggested discretization scheme returns the same results without the need of

simulating 100,000 paths.

Apart from the scienti�c con�rmations on both goal and hypothesis achieved

during those years of work on the Thesis [123, 124, 125, 121], the proposed model

has been adopted by a number of �nancial institutions (e.g. Naumov et al. (2021)

[118]).

Pros and cons of the CIR# model

Like any other model, the CIR# has pros and cons. We already mentioned some of

the pros in terms of forecasting capability, parsimony, analytical tractability, etc.

Furthermore, the model does not su�er the limitations of the Hull-White and the

CIR++ models that cannot describe twists of the term structure of interest rates in

which the short-maturity and long-maturity yields move in opposite directions Russo

et al. (2019) [141]. This is because they can only produce an increasing curve, a

decreasing curve, and a curve with a small hump.
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The CIR#, also, is not a�ected by the limitation that that changes over in�nites-

imal time periods of any two interest rates are perfectly correlated. The reason lies

in the fact that the CIR# is not a short rate model and, therefore, it is not true that

unexpected changes are proportional to the shock to the short rate. The CIR# is,

instead, a forecasting model for any given rate of the yield curve. In addition, the

model produces, robust and reproducible forecasts without any arbitrariness [118].

The cons of the CIR# model derive from the very same fact that is a single

factor model. Two-factor models can generate additional yield curve shapes and

movements. Furthermore, two-factor models are featured by non-perfect correlations

between di�erent interest rate dependent variables. Instead, for a single factor model,

it is not possible to describe correlation structure between di�erent objects/rates.

That means the CIR# model cannot provide a �t of both the cross-section and

time-series dynamics.

Finally, single factor models provide closed-form pricing formulas for zero-coupon

bond options, caps and �oors but not for European swaptions and European coupon

bond options. This is an additional limitation as "market practices are moving

towards the use of swaptions more than caps and �oors, as they contain information

on the correlation between di�erent maturities of the interest rates curve" [141].

Implications for hedging

First of all, we need to distinguish between pricing accuracy and hedging perfor-

mance. In fact, a single factor model such as the CIR# (as demonstrated by us) or

the LIBOR market model (as demonstrated Gupta et al. (2005) [81]) may produce

good pricing accuracy. Contrarily, hedging performance has to be measured in terms

of hedging errors i.e. in terms of the dynamic performance of the model.
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As mentioned, for short rate single factor models a change in the instantaneous

spot rate implies a change of all the entire yield curve. That means, for example, the

need to change the basket of vanilla options that are a good hedge for a Bermudan

option. In addition, as short rate models only have one driving factor, they imply a

perfect positive correlation among forward rates.

Those issues partially a�ect the CIR# model. In addition, Gupta et al. (2005)

[81] assert that "for hedging performance, introducing a second stochastic factor is

more important than �tting the skew of the underlying distribution. This constitutes

evidence against claims in the literature that correctly speci�ed and calibrated one-

factor models could replace multi-factor models for consistent pricing and hedging

of interest rate contingent claims".

The drawback is that the optimization problem for a two factor model may be not

convex, not stable in the parameters, slow and may lead to some over�tting because

of the larger number of parameters to calibrate [141].

Implications for economic policy

As mentioned in Chapter 1, central banks need to control interest rates for the

e�ectiveness of in�ation targeting, the ability to correctly model and predict them is

essential. While the adopted models are comprehensive and provide a full sketch of

policy changes, with up to 1,000 equations they might be di�cult to handle. In this

respect, a single equation and risk factor model such as the CIR# could provide a

quick answer when needed.
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Implications for �nancial institutions

For �nancial institutions that need to price �xed income instruments, the CIR# pro-

vides a suitable choice. For example, VTB capital mentioned that "due to RUONIA's

lack of an OIS term structure, it is impossible to build an arbitrage-free strategy to

compare �oaters with bullets. Using other curves, such as MosPrime, IRS or swaps

on CBR's key rate, for forecasting the future RUONIA trajectory exposes the analyst

to the basis with RUONIA, which has been historically unstable. Such approach also

su�ers from subjective assumptions, which makes the estimates of z-spreads poorly

comparable". Instead, "an enhanced CIR model produces robust and reproducible

RUONIA forecasts without any arbitrariness, giving common ground upon which to

estimate spot and historical z-spreads" Naumov et al. (2021) [118].

Future research

What we discussed above leads us to the next research. A possible extension could

be the addition of a second factor similar to the G2++ by Brigo end Mercurio [28].

For such an extension, which we call CIR2#, it could be interesting to compute the

sensitivities to a change in the interest rate to test the hedging performance.

Another possible direction of future research could be a comparison between

CIR2# and the G2++, not only in terms of hedging and pricing but also in terms

of the ability to capture the relevant shape and movement of the yield curve. This

is in terms of both cross sectional correlations and time-series dynamics.

We believe that the G2++ is a good benchmark because, as proved by Brigo

and Mercurio (2006) [28], it is the general case of the two factors Hull and White

model and, thanks to the normal distribution of the underlying short rate, it is usable
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for deriving explicit formulas for a number of �nancial instruments such as a zero-

coupon bond, European option on a zero-coupon bond, cap/�oor, caplet/�oorlet, etc.

The resulting formulas allow easy calibration of correlation-based products such as

swaptions and the model is arbitrage free (as the current interest-rate term structure

is used as input so the results are according to the current term structure).
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Appendix A

Dataset

A.1 EUR and USD dataset

The dataset records both monthly and weekly EUR and USD interest rates with

maturities 1/360A, 30/360A, 60/360A,..., 360/360A and 1Y,..., 50Y (i.e. at 1 day

(overnight), 30 days, 60 days,...., 360 days and 1 Year, ..., 50 Years) available from

IBA 1 [90]. For our convenience we have partitioned the data in two: money market

(Partition I) and short- to long-term interest rates (Partition II). All together we are

considering 63 maturities.

A.1.1 EUR and USD monthly dataset

1ICE Benchmark Administration, Data from 31 December 2010 to 18 November 2016.
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Table A.1: Monthly EUR interest Rates: the Dataset

Partition I Partition II

Maturity

Date 1/360A 30/360A · · · 360/360A 1Y 2Y · · · 50Y

31.12.2010 0.606 0.788 · · · 1.507 1.311 1.557 · · · 3.306
31.01.2011 1.231 0.895 · · · 1.644 1.582 2.012 · · · 3.482

...
...

... · · · ...
...

... · · · ...
29.07.2016 -0.397 -0.371 · · · -0.049 -0.201 -0.215 · · · 0.632
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Figure A-1: Partition I and II: monthly observed EUR interest rates

A.1.2 EUR and USD weekly dataset

In Table A.2), each column lists a sample of n = 308 weekly observed EUR inter-

est rates with a set maturity; each row shows interest rates on di�erent maturities

observed at a �xed date.

The plots in Figure A-2 represent the columns of Dataset I and II, so they are

di�erent from the yield curves (term structure) by plotting the rows. From Dataset
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Table A.2: Weekly EUR interest Rates: the Dataset

Partition I Dataset II

Maturity

Date 1/360A 30/360A · · · 360/360A 1Y 2Y · · · 50Y

31.12.2010 0.606 0.782 · · · 1.507 1.311 1.557 · · · 3.306
07.01.2011 0.341 0.759 · · · 1.505 1.345 1.603 · · · 3.229

...
...

... · · · ...
...

... · · · ...
18.11.2016 -0.410 -0.373 · · · -0.077 -0.195 -0.139 · · · 1.120
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Figure A-2: Partition I and II: Dataset with weekly observed EUR interest rates

I it is evident that the short-term rates become permanently negative after 2014 (as

from March 2015). However, sample data from Dataset II also show a downward

trend.
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A.2 EUR, USD, JPY and CHF LIBOR - Real data

and testing data

Our data consists of London Inter-bank O�ered Rate (LIBOR) time series retrieved

from Bloomberg and test data built by us for the said purpose. LIBOR is the aver-

age interest-rate calculated from quotes submitted by the leading banks in London.

LIBOR in the past was known as British Bankers' Association (BBA) Libor.

Real time series

Real data consists of weekly interest rates from 31 December, 2009 to 31 January,

2020 as retrieved from Bloomberg at the �LIBOR Index Page BBAM <GO>" and

described in Table A.3.
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Table A.3: Bloomberg tickers for money market interest rates

Code Description Bloomberg Ticker Tenor
EUR1 EUR Overnight EE00O/N Curncy N
EUR2 EUR 1 Month EE0001M Curncy 1M
EUR3 EUR 2 Month EE0002M Curncy 2M
EUR4 EUR 3 Month EE0003M Curncy 3M
EUR5 EUR 6 Month EE0006M Curncy 6M
EUR6 EUR 12 Month EE0012M Curncy 12M
USD1 USD Overnight US00O/N Curncy N
USD2 USD 1 Month US0001M Curncy 1M
USD3 USD 2 Month US0002M Curncy 2M
USD4 USD 3 Month US0003M Curncy 3M
USD5 USD 6 Month US0006M Curncy 6M
USD6 USD 12 Month US0012M Curncy 12M
JPY1 JPY Spot Next JY00S/N Curncy N
JPY2 JPY 1 Month JY0001M Curncy 1M
JPY3 JPY 2 Month JY0002M Curncy 2M
JPY4 JPY 3 Month JY0003M Curncy 3M
JPY5 JPY 6 Month JY0006M Curncy 6M
JPY6 JPY 12 Month JY0012M Curncy 12M
CHF1 CHF Overnight SF00S/N Curncy N
CHF2 CHF 1 Month SF0001W Curncy 1M
CHF3 CHF 2 Month SF0001M Curncy 2M
CHF4 CHF 3 Month SF0003M Curncy 3M
CHF5 CHF 6 Month SF0006M Curncy 6M
CHF6 CHF 12 Month SF0012M Curncy 12M

Test data

Test data are composed by the EUR Overnight, a copy of the EUR Overnight,

the out-of-sample forecast of the EUR Overnight, a random time series, the EUR

Overnight plus the random time series above-mentioned and the changed sign of the

EUR Overnight as detailed in Table A.4.
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Table A.4: Identi�ers and description of test data

# Test data Description
1 RealEUR1 EE00O/N Curncy
2 Random Randomly generated time series
3 NoiseEUR1 RealEUR1 + Random
4 NegEUR1 Negative RealEUR1
5 CopyEUR1 Copy of RealEUR1
6 ForEUR1 Out-of-sample forecast of RealEUR1
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A.3 Polish Zloty (PLN) data

Real market data consists of Warsaw Interbank O�ered Rates from 1995-01-02 to

2021-02-05, as displayed in Table A.5.

Table A.5: Polish Interest Rates

Code Tenor

WIBOR ON Overnight
WIBOR 1W 1 Week
WIBOR 1M 1 Month
WIBOR 3M 3 Months
WIBOR 6M 6 Months
WIBOR 1Y 1 Year

Source: www.money.pl [160].
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